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Instructions : (1) All questions carry equal marks.
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(2) Figures to the right indicate marks of questions.

State and prove Dimension theorem. 8
OR

Define subspace of a vector space. Prove that the intersection of any two subspaces
of a vector space V is also a subspace of V. Is its union a subspace of V ? Justify
your answer.

Attempt any two : 10

(1) Prove that the set B = {(-1, 1, 1) ; (1, 1, -1); (1, -1, 1)} is a basis for R®. Find
the co-ordinates of the vector (x, y, z) with respect to the basis B.

(2) Prove that two basis of a finite dimensional vector space V have the same
number of vectors.

(3) Extend the linearly independent subset {(1, -1, 0)} of R to the basis of R®.

Is the subset S = {(x, Y, z) / x> + y? + zZ < 1} of R® a subspace of R® ? Why ? 3
State and prove the rank-nullity theorem. 8
OR

Define a linear transformation. Determine whether amap T : R®*—> R; T(x, Y, z) =
ox + By + yz where a, B, y are real constants is linear map or not ?
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Attempt any two : 10

(1) Find the matrix relative to the standard bases associated with the linear map
T:R3> R? definedas T(x, y, 2) = (x +y, x—2) ; V (X, Y, Z) € R,

(2) Verify the rank-nullity theorem for linear transformation T : R®>— R® defined
by T(x,y,2z) = (3X,X=Y, 2x +y + 2).

(3) Define Kernel of a linear transformation. Prove that a linear transformation
T is one-one if and only if N(T) = {6}.

Let T:R°>R%?bea linear transformation such that T(3, 2) = (1, 5) ; T (-4, 5) = (2, -3)
then find T(5, 5). 3

State and prove the Cauchy-Schwarz inequality. 8
OR

Prove that any orthogonal set in an inner product space V is linearly independent.

Attempt any two : 10

(1) Apply Gram-Schmidt orthonormalization process to the basis {(1, 1, 1) ;
(1,0,-1) ; (0, 3, 4)} to obtain an orthonormal basis of R®.

(2) Define the norm of a vector. If x and y are two vectors in inner product space
V, then prove that

) Ix+yll<lx]+]yland
@ [Ixti=nyll<lix-yl

(3) Forx=(x},y):yYy=(XY,) € R?; <, > defined as
<X, Y> = X;X, + X;¥, + Y;X, + 5y, Y, then show that

<> isan inner product on IR?.

Define orthogonal complement subspace and find unit vector for vector x = (4, 5, 6). 3
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Define determinant of a matrix A = (aij) eM,. 8
For A= (aij) €M, ; Prove that
det A= ersn (S9n) Ay - Ayn

OR

If A, B € M(n, R) and A is non-singular then prove that det(A™) = (det A) and
det(A'BA) = detB.

Attempt any two : 10
12 4
50 7 )
1) A= 0 8 0 then find det(A).
4 7 10 1
(2) State the Cramer’s rule and solve the following system of equation
X+y+z2=6;2Xx-y+z=3;x+3y-z=4.
3) Fortheel f S'f-(1234567jd
(3) Fortheelementf,ge S, f= 5 31547 6)2"
-(1234567j8th btain fog ; f 1 and f
9=\3 41 2 g 7 5 ) ES7thenobtainfog; and sgn (foy).
If det : V" — R is a mapping satisfying expected properties of the determinant then
prove that for i = j; det (vy, vy, ..., v,) =—det (v,, vy, V3,..., V). 3
State and prove Cayley-Hamilton theorem. 8
OR

Define symmetric linear map. If T : V — V is symmetric linear map and x,, X, are
eigen vectors of T corresponding to the distinct eigen values A, A, respectively,
then prove that x,, X, are orthogonal to each other.
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Attempt any two : 10

(1) Diagonalize and identify the quadric form 7x? — 52xy — 32y? = 180.

8 6 2
(2) Verify the Cayley-Hamilton’s theorem for the matrix A=| -6 7 -4
2 -4 3

(3) Find the eigen values and corresponding eigen vectors of the matrix

{ cosO sino }
A= . )
sin® —cos 0

Find the characteristic equation for the matrix A =

~ A~ R
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