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ÍÛæ̃ Û¶ÛÛ : (1) ¼ÛµÛÛ ›÷ ¸ÛóÊ¶ÛÛé ºõÁõÜ›÷ýÛÛ©Û ™öé. 

  (2) ›÷¾Û¨Ûà ¼ÛÛ›ä÷ þùÉÛÛÙÈÛéÅÛ …×ïõ ¾ÛÛïõÍÛÙ þùÉÛÛÙÈÛé ™öé. 

 

1. (…) ¸ÛÜÁõ¾ÛÛ¨Û ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé. 8 

    …¬ÛÈÛÛ 

  ÍÛÜþùÉÛ …ÈÛïõÛÉÛ¶ÛÛ Š¸ÛÛÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V¶ÛÛ •Û¾Ûé ©Ûé ¼Ûé 
Š¸ÛÛÈÛïõÛÉÛÛé¶ÛÛé ™öéþù•Û¨Û ¸Û¨Û V¶Ûä× Š¸ÛÛÈÛïõÛÉÛ ™öé. ¸Û¨Û ÉÛä× V¶ÛÛ ¼Ûé Š¸ÛÛÈÛïõÛÉÛÛé¶ÛÛé ýÛÛé•Û•Û¨Û V¶Ûä× 
Š¸ÛÛÈÛïõÛÉÛ ¬ÛÛýÛ ? ©Û¾ÛÛÁõÛ ›÷ÈÛÛ¼Û¶Ûä× ÍÛ¾Û¬ÛÙ¶Û ïõÁõÛé. 

 (¼Û) •Û¾Ûé ©Ûé ¼Ûé ÅÛ”ÛÛé : 10 

  (1) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ •Û¨Û B = {(–1, 1, 1); (1, 1, –1); (1, –1, 1)} …é 3 ¶ÛÛé …ÛµÛÛÁ ™öé. 
3 ¶ÛÛ ÍÛÜþùÉÛ (x, y, z) ¶ÛÛ Š¸ÛÁõÛéî©Û …ÛµÛÛÁõ B ¶Ûé ÍÛÛ¸Ûé“Û ýÛÛ¾Û ¾ÛéÇÈÛÛé. 

  (2) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛÛ¶©Û ¸ÛÜÁõ¾ÛÛÜ¨ÛýÛ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V¶ÛÛ ïõÛéˆ¸Û¨Û ¼Ûé …ÛµÛÛÁõÛé¾ÛÛ× ÍÛÜþùÉÛÛé¶Ûà 
ÍÛ×”ýÛÛ ÍÛ¾ÛÛ¶Û ÐüÛéýÛ ™öé.  

  (3) 3 ¶ÛÛ ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û •Û¨Û {(1, –1, 0)} ¶Ûé ©Ûé¶ÛÛ …ÛµÛÛÁõ ÍÛäµÛà ÜÈÛÍ©Ûè©Û ïõÁõÛé. 

 (ïõ) 3¶ÛÛé Š¸Û•Û¨Û S = {(x, y, z) / x2 + y2 + z2 < 1} …é Š¸ÛÛÈÛïõÛÉÛ ™öé ? ÉÛÛ ¾ÛÛ¤éø ?   3 

 

2. (…) ïõÛéÜ¤ø-ÉÛæ¶ýÛÛ×ïõ ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé. 8 

    …¬ÛÈÛÛ  

  ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. T : 3 → R; T(x, y, z) = αx + βy + γz …é ÍÛäÁéõ”Û 
¸ÛÜÁõÈÛ©ÛÙ¶Û ™öé ïéõ ¶ÛÐüá ©Ûé ¶Û‘õà ïõÁõÛé. šýÛÛ× α, β, γ ÈÛÛÍ©ÛÜÈÛïõ ÍÛ×”ýÛÛ…Ûé ™öé. 
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 (¼Û) •Û¾Ûé ©Ûé ¼Ûé ÅÛ”ÛÛé :  10 

  (1) ›Ûé T : 3→ 2; T(x, y, z) = (x + y, x – z) ; ∀ (x, y, z) ∈ 3 ÈÛ¦éø ÈýÛÛ”ýÛÛÜýÛ©Û ÍÛäÁéõ”Û 
¸ÛÜÁõÈÛ©ÛÙ¶Û ÐüÛéýÛ ©ÛÛé ¸Ûó¾ÛÛÜ¨Û©Û …ÛµÛÛÁõ¶Ûà ÍÛÛ¸Ûé“Û T ÍÛÛ¬Ûé ÍÛ×ïõÇÛýÛéÅÛ ËÛéÜ¨Ûïõ ÉÛÛéµÛÛé. 

  (2) T : 3→ 3; T(x, y, z) = (3x, x – y, 2x + y + z) ÈÛ¦éø ÈýÛÛ”ýÛÛÜýÛ©Û ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û 
¾ÛÛ¤éø ÉÛæ¶ýÛÛ×ïõ-ïõÛéÜ¤ø ¸Ûó¾ÛéýÛ ˜ÛïõÛÍÛÛé.  

  (3) ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶ÛÛ ÉÛæ¶ýÛÛÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û       
T …éïõ-…éïõ ÐüÛéýÛ ©ÛÛé …¶Ûé ©ÛÛé ›÷ N(T) = {θ}. 

 (ïõ) T : 3→ 2 …éÈÛä× ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ™öé ïéõ ›÷é¬Ûà T(3, 2) = (1, 5) ; T (–4, 5) = (2, –3) ©ÛÛé     
T(5, 5) ÉÛÛéµÛÛé.  3 

 

3. (…) ïõÛéÉÛà-ÊÈÛÛ©ÍÛÙ …ÍÛ¾Û©ÛÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé. 8 

    …¬ÛÈÛÛ 

  ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ …×©Û: •Ûä¨Û¶Û …ÈÛïõÛÉÛ¾ÛÛ× ÅÛ×¼Û ÍÛÜþùÉÛÛé¶ÛÛé •Û¨Û ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û ™öé. 

 (¼Û) •Û¾Ûé ©Ûé ¼Ûé ÅÛ”ÛÛé :  10 

  (1) 3 ¶ÛÛ …ÛµÛÛÁõ {(1, 1, 1) ; (1, 0, –1) ; (0, 3, 4)} ¾ÛÛ×¬Ûà •ÛóÛ¾Û-ÜÍ¾Û©Û ÅÛ×¼ÛàïõÁõ¨Û ¸Û±ùÜ©Û 
³ùÛÁõÛ 3 ¶ÛÛé ÅÛ×¼Û …éïõ¾Û …ÛµÛÛÁõ ¾ÛéÇÈÛÛé. 

  (2) ÍÛÜþùÉÛ¶ÛÛ ¾ÛÛ¶Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ›Ûé x …¶Ûé y …×©Û: •Ûä¨Û¶Û …ÈÛïõÛÉÛ V¶ÛÛ ¼Ûé ÍÛÜþùÉÛÛé 
ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ 

   (i) || x + y || < || x || + || y || …¶Ûé 

   (ii) | || x || – || y || | < || x – y || 

  (3) x = (x1, y1) ; y = (x2, y2) ∈ 2 ¾ÛÛ¤éø < , > ¶Ûà ÈýÛÛ”ýÛÛ  

   < x, y > = x1x2 + x1y2 + y1x2 + 5y1 y2 ™öé. ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ  

   < , > …é 2 Š¸ÛÁõ¶Ûä× …×©Û:•Ûä̈ Û¶Û ™öé. 

 (ïõ) ÅÛ×¼Û¸ÛæÁõïõ Š¸ÛÛÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. …¶Ûé ÍÛÜþùÉÛ X = (4, 5, 6)  ¾ÛÛ¤é …éïõ¾Û ÍÛÜþùÉÛ ÅÛ”ÛÛé.ø 3 
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4. (…) A = (aij) ∈Mn ¶ÛÛ ËÛéÜ¨Ûïõ¶ÛÛ Ü¶ÛÊ˜ÛÛýÛïõ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. 8 

  A = (aij) ∈Mn ¾ÛÛ¤éø ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ  

   det A = ∑
f∈Sn

  (sgnf) af(1)l ... af(n)n 

…¬ÛÈÛÛ 

   ›Ûé A, B ∈ M(n, ) …¶Ûé A …é ÈýÛÍ©Û ÍÛ×¸Û¶¶Û ÐüÛéýÛ, ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ det(A–1) = (det A)–1 
…¶Ûé  det(A–1BA) = det B.   

 (¼Û) •Û¾Ûé ©Ûé ¼Ûé ÅÛ”ÛÛé :  10 

  (1) ›Ûé A = 

⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1 2 3 4

5 0 6 7
0 8 9 0
4 7 10 1

  ©ÛÛé det(A) ¾ÛéÇÈÛÛé. 

  (2) ’éõ¾ÛÁõ¶ÛÛé Ü¶ÛýÛ¾Û ÅÛ”ÛÛé …¶Ûé ©Ûé¶Ûà ¾Ûþùþù¬Ûà ¶Ûà˜Ûé¶Ûà ÍÛ×Ðü©Ûà ŠïéõÅÛÛé : 

   x + y + z = 6 ; 2x – y + z = 3; x + 3y – z = 4. 

  (3) –Û¤øïõÛé f, g ∈ S7; f = 
⎝
⎜
⎛

⎠
⎟
⎞1 2 3 4 5 6 7

2 3 1 5 4 7 6  …¶Ûé 

   g = 
⎝
⎜
⎛

⎠
⎟
⎞1 2 3 4 5 6 7

3 4 1 2 6 7 5  ∈S7 ¾ÛÛ¤éø fog ; f –1 …¶Ûé sgn (fog) ¾ÛéÇÈÛÛé. 

 (ïõ) ›Ûé det : Vn →  …é Ü¶ÛÊÈÛÛýÛïõ©ÛÛ …¸ÛéÜ“Û©Û •Ûä¨ÛµÛ¾ÛÛë¶Ûä× ¸ÛÛÅÛ¶Û ïõÁõ©Ûä× ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ 
šýÛÛÁéõ i ≠ j ©ýÛÛÁéõ det (ν1, ν2, …, νn) = – det (ν2, ν1, v3,…, νn). 3 

 

5. (…) ïéõÅÛé-ÐéüÜ¾ÛÅ¤ø¶Û¶Ûä× ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé. 8 

…¬ÛÈÛÛ 

  ÍÛ×Ü¾Û©Û ÍÛäÁéõ”Û ÜÈÛµÛéýÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ›Ûé T : V → V ÍÛ×Ü¾Û©Û ÍÛäÁéõ”Û ÜÈÛµÛéýÛ ÐüÛéýÛ …¶Ûé T ¶ÛÛ 
Ü½Û¶¶Û ÅÛÛ“ÛÜ¨Ûïõ ¾ÛæÅýÛ λ1, λ2 ¶Ûé …¶ÛäÄõ¸Û ÅÛÛ“ÛÜ¨Ûïõ ÍÛÜþùÉÛ x1, x2 ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ     

x1, x2 ¸ÛÁõÍ¸ÛÁõ ÅÛ×¼Û ™öé. 
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 (¼Û) •Û¾Ûé ©Ûé ¼Ûé ÅÛ”ÛÛé :  10 

  (1) ÈÛ•ÛÛÙ©¾Ûïõ ÍÈÛÄõ¸Û 7x2 – 52xy – 32y2 = 180 ¶Ûä× ÜÈÛïõ¨ÛâïõÁõ¨Û ©Ûé¾Û›÷ …ÛéÇ”Û ¾ÛéÇÈÛÛé. 

  (2) ËÛéÜ¨Ûïõ A = 
⎣
⎢
⎡

⎦
⎥
⎤  8 – 6   2

– 6   7 – 4
  2 – 4   3

  ¾ÛÛ¤éø ïéõÅÛé-ÐéüÜ¾ÛÅ¤ø¶Û¶ÛÛé ¸Ûó¾ÛéýÛ ˜ÛïõÛÍÛÛé. 

  (3) ËÛéÜ¨Ûï A = 
⎣
⎢
⎡

⎦
⎥
⎤cos θ sin θ

sin θ – cos θ
  ¶ÛÛ ÅÛÛ“ÛÜ¨Ûïõ ¾ÛæÅýÛÛé …¶Ûé ©Ûé¾Û¶Ûé ÍÛ×•Û©Û A¶ÛÛ ÅÛÛ“ÛÜ¨Ûïõ 

ÍÛÜþùÉÛ ¾ÛéÇÈÛÛé. 

 (ïõ) ËÛéÜ¨Ûïõ  A = 
⎣
⎢
⎡

⎦
⎥
⎤1 2 3

4 5 6
7 8 9

 ¶Ûä× ÅÛÛ“ÛÜ¨Ûïõ ÍÛ¾ÛàïõÁõ¨Û ¾ÛéÇÈÛÛé.  3 

________ 
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Instructions :  (1) All questions carry equal marks. 

   (2) Figures to the right indicate marks of questions. 

 

1. (a) State and prove Dimension theorem. 8 

OR 

  Define subspace of a vector space. Prove that the intersection of any two subspaces 
of a vector space V is also a subspace of V. Is its union a subspace of V ? Justify 
your answer. 

 (b) Attempt any two :  10 

  (1) Prove that the set B = {(–1, 1, 1) ; (1, 1, –1); (1, –1, 1)} is a basis for 3. Find 
the co-ordinates of the vector (x, y, z) with respect to the basis B. 

  (2) Prove that two basis of a finite dimensional vector space V have the same 
number of vectors. 

  (3) Extend the linearly independent subset {(1, –1, 0)} of 3 to the basis of 3. 

 (c) Is the subset S = {(x, y, z) / x2 + y2 + z2 < 1} of 3 a subspace of 3 ? Why ? 3 

 

2. (a) State and prove the rank-nullity theorem. 8 

OR 

  Define a linear transformation. Determine whether a map T : 3→  ; T(x, y, z) = 
αx + βy + γz where α, β, γ are real constants is linear map or not ? 
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 (b) Attempt any two :  10 

  (1) Find the matrix relative to the standard bases associated with the linear map       
T : 3→ 2 defined as T(x, y, z) = (x + y, x – z) ; ∀ (x, y, z) ∈ 3. 

  (2) Verify the rank-nullity theorem for linear transformation T : 3→ 3 defined 
by T(x, y, z) = (3x, x – y, 2x + y + z). 

  (3) Define Kernel of a linear transformation. Prove that a linear transformation           
T is one-one if and only if N(T) = {θ}. 

 (c) Let T : 2→ 2 be a  linear transformation such that T(3, 2) = (1, 5) ; T (–4, 5) = (2, –3) 
then find T(5, 5).  3 

 

3. (a) State and prove the Cauchy-Schwarz inequality. 8 

OR 

  Prove that any orthogonal set in an inner product space V is linearly independent. 

 (b) Attempt any two :  10 

  (1) Apply Gram-Schmidt orthonormalization process to the basis {(1, 1, 1) ;            
(1, 0, –1) ; (0, 3, 4)} to obtain an orthonormal basis of 3. 

  (2) Define the norm of a vector. If x and y are two vectors in inner product space 
V, then prove that 

   (i) || x + y || < || x || + || y || and  

   (ii) | || x || – || y || | < || x – y || 

  (3) For x = (x1, y1) ; y = (x2, y2) ∈ 2; < , > defined as  

   <x, y> = x1x2 + x1y2 + y1x2 + 5y1y2 then show that  

   < , > is an inner product on 2. 

 (c) Define orthogonal complement subspace and find unit vector for vector x = (4, 5, 6). 3 
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4. (a) Define determinant of a matrix A = (aij) ∈Mn. 8 

  For  A = (aij) ∈Mn ; Prove that 

   det A = ∑
f∈Sn

  (sgnf) af(1)l ... af(n)n 

OR 

   If A, B ∈ M(n, ) and A is non-singular then prove that det(A–1) = (det A)–1 and  
det(A–1BA) = detB.   

 (b) Attempt any two :  10 

  (1) If A = 

⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1 2 3 4

5 0 6 7
0 8 9 0
4 7 10 1

  then find det(A). 

  (2) State the Cramer’s rule and solve the following system of equation                 
x + y + z = 6 ; 2x – y + z = 3; x + 3y – z = 4. 

  (3) For the element f, g ∈ S7; f = 
⎝
⎜
⎛

⎠
⎟
⎞1 2 3 4 5 6 7

2 3 1 5 4 7 6  and  

   g = 
⎝
⎜
⎛

⎠
⎟
⎞1 2 3 4 5 6 7

3 4 1 2 6 7 5  ∈S7 then obtain fog ; f –1 and sgn (foy). 

 (c) If det : Vn →  is a mapping satisfying expected properties of the determinant then 
prove that for i ≠ j; det (ν1, ν2, …, νn) = – det (ν2, ν1, v3,…, νn). 3 

 

5. (a) State and prove Cayley-Hamilton theorem. 8 

OR 

  Define symmetric linear map. If T : V → V is symmetric linear map and x1, x2 are 

eigen vectors of T corresponding to the distinct eigen values λ1, λ2 respectively, 

then prove that x1, x2 are orthogonal to each other. 
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 (b) Attempt any two :  10 

  (1) Diagonalize and identify the quadric form 7x2 – 52xy – 32y2 = 180. 

  (2) Verify the Cayley-Hamilton’s theorem for the matrix A = 
⎣
⎢
⎡

⎦
⎥
⎤  8 –6   2

–6   7 –4
  2 –4   3

 . 

  (3) Find the eigen values and corresponding eigen vectors of the matrix               

A = 
⎣
⎢
⎡

⎦
⎥
⎤cos θ sin θ

sin θ –cos θ
 . 

 (c) Find the characteristic equation for the matrix A = 
⎣
⎢
⎡

⎦
⎥
⎤1 2 3

4 5 6
7 8 9

 . 3 

________ 
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