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ÍÛæ̃ Û¶ÛÛ :   (1) þùÁéõïõ ¸ÛóÊ¶Û¶ÛÛ ÍÛÁõ”ÛÛ •Ûä¨Û ™öé. 
Instructions :  Each question carries equal marks. 
    (2) ïäõÅÛ ¸ÛÛ×̃ Û ¸ÛóÊ¶ÛÛé ™öé. 
     There are five questions. 
 

1. ïõÛéˆ¸Û¨Û ªÛ¨Û¶ÛÛ ›÷ÈÛÛ¼Û …Û¸ÛÛé. 
 Answer any three : 
 (1) ÍÛÜþùÉÛ …ÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ïõÛéˆ¸Û¨Û ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V ¾ÛÛ× ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ 
  Define vector space. In any vector space V, prove that 

  (a) α
–
0 = 

–
0 þùÁéõïõ ÍÛÜþùÉÛ α ¾ÛÛ¤éø 

   α
–
0 = 

–
0 for very scalar α, 

  (b) 0u = 
–
0 ¸Ûó©ýÛéïõ u ∈ V …¶Ûé 

   0u = 
–
0 for every u ∈ V and 

  (c) (–1)u = – u ¸Ûó©ýÛéïõ u ∈ V 
   (–1)u = – u for every u ∈ V. 
 (2) ÍÛÜþùÉÛ …ÈÛïõÛÉÛ¶ÛÛ Š¸Û•Û¨Û¶Ûà ÜÈÛÍ©ÛèÜ©Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé, ©Û¬ÛÛ ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛÜþùÉÛ 

…ÈÛïõÛÉÛ V ¶ÛÛ Š¸Û•Û¨Û S ¾ÛÛ¤éø [S] …é S ¶Ûé ÍÛ¾ÛÛÈÛ©ÛÛé ¶ÛÛ¶ÛÛ¾ÛÛ× ¶ÛÛ¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé. [šýÛÛ× 
[S] = •Û¨Û S ¶Ûà ÜÈÛÍ©ÛèÜ©Û]ø 

  Define span of subset of vector space. If S is a nonempty subset of a vector     
space V, then prove that [S] is the smallest subspace of V containing S. 

 (3) ›Ûé U …¶Ûé W …é ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V¶ÛÛ Š¸ÛÛÈÛïõÛÉÛÛé ÐüÛéýÛ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ U + W …é           
V ¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé ©Û¬ÛÛ U + W = [U ∪ W]. 

  If U and W are two subspaces of a vector space V, then prove that U + W is a 
subspace of V and U + W = [U ∪ W]. 

 (4) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ Rn (= ÈÛÛÍ©ÛÜÈÛïõ ÍÛ×”ýÛÛ…Ûé¶ÛÛ ’õ¾ÛýÛäî©Û n-¤äø¸ÛÅÛ¶ÛÛé •Û¨Û) …é ÍÛÜþùÉÛÛé¶ÛÛ ÍÛÛ¾ÛÛ¶ýÛ 
ÍÛÁõÈÛÛÇÛ …¶Ûé …ÜþùÉÛ •Ûä¨ÛÛïõÛÁõ Ðéü¥øÇ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ ™öé. 

  Prove that Rn (= set of all ordered n-tuples of real numbers) is a vector space 
under usual addition and scalar multiplication of vectors. 

 (5) µÛÛÁõÛé ïéõ L …é R3 ¶ÛÛé …éÈÛÛé Š¸Û•Û¨Û ™öé ïéõ ›÷é¾ÛÛ× (x, –3x, 2x) ¸ÛóïõÛÁõ¶ÛÛ ÍÛÜþùÉÛÛé ™öé. ©ÛÛé ÍÛÛÜ¼Û©Û 
ïõÁõÛé ïéõ L …é R3 ¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé. 

  Let L be the set of all vectors of the form (x, –3x, 2x) in R3. Then prove that L is 
subspace of R3. 
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2. •Û¾Ûé ©Ûé ªÛ¨Û¶ÛÛ ›÷ÈÛÛ¼Û …Û¸ÛÛé. 
 Answer any three : 
 (1) ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V ¶ÛÛ ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û …¶Ûé ÍÛäÁéõ”Û …ÈÛÅÛ×¼Ûà Š¸Û•Û¨ÛÛé¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ©Û¬ÛÛ 

ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ (a) LI Š¸Û•Û¨Û¶ÛÛé ¸Ûó©ýÛéïõ ŠÜ˜Û©Û Š¸Û•Û¨Û LI ÐüÛéýÛ ™öé …¶Ûé (b) LD Š¸Û•Û¨Û¶ÛÛé 
¸Ûó©ýÛéïõ …ÜµÛ•Û¨Û ¸Û¨Û LD ÐüÛéýÛ ™öé. (šýÛÛ× LI = ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û, LD = ÍÛäÁéõ”Û …ÈÛÅÛ×¼Ûà) 

  Define linear independent and linear dependent subset of vector space. Also in 
any vector space, prove that (a) if a set is LI then any subset of it is LI and (b) if 
a set is LD then any super set of it is also LD. 

 (2) ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V ¶ÛÛ …ÛµÛÛÁõ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé ©Û¬ÛÛ ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ›Ûé ÍÛÜþùÉÛ …ÈÛïõÛÉÛ 
V¶ÛÛ …ÛµÛÛÁõ¾ÛÛ× n –Û¤øïõÛé …ÛÈÛéÅÛÛ ÐüÛéýÛ ©ÛÛé p ÍÛ½ýÛÛé µÛÁõÛÈÛ©ÛÛé ïõÛéˆ¸Û¨Û Š¸Û•Û¨Û LD ™öé             
›Ûé p > n. 

  Define basis of a vector space. Also prove that if V has basis of n elements, then 
every set of p vectors with p > n, is LD. 

 (3) ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V¶ÛÛ ¸ÛÜÁõ¾ÛÛ¨Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé ©Û¬ÛÛ ¸ÛÜÁõ¾ÛÛ¨Û ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û 
ïõÁõÛé. 

  Define dimension of a vector space. State and prove dimension theorem. 
 (4) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ •Û¨Û {(1, 1, 1), (1, – 1, 1), (0, 1, 1)} …é R3 ¶ÛÛé …ÛµÛÛÁõ ™öé. 
  Prove that the set {(1, 1, 1), (1, – 1, 1), (0, 1, 1)} is a basis for R3. 
 (5) •Û¨Û B = {(1, 0, 1, 0), (0, –1, 1, 0)} ¶Ûé R4 ¶ÛÛ …ÛþùÛÁõ ÍÛäµÛà ÜÈÛÍ©Ûè©Û ïõÁõÛé. 
  Expand subset B = {(1, 0, 1, 0), (0, –1, 1, 0)} to a basis of R4. 
 
3. •Û¾Ûé ©Ûé ªÛ¨Û¶ÛÛ ›÷ÈÛÛ¼Û …Û¸ÛÛé. 
 Answer any three : 
 (1) ÍÛäÁéõ”Û ÜÈÛµÛéýÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ›Ûé T : R3 → R2 …é T (x, y, z) = (x – y, x + z) ÈÛ¦éø 

ÈýÛÛ”ýÛÛÜýÛ©Û ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ T ÍÛäÁéõ”Û ÜÈÛµÛéýÛ ™öé. ©Û¬ÛÛ N(T), R(T), n(T) …¶Ûé r(T) 
ÉÛÛéµÛÛé. 

  Define linear transformation. If T : R3 → R2 is defined by T (x, y, z) = (x – y,       
x + z) then prove that T is linear transformation, also find N(T), R(T), n(T) and 
r(T). 

 (2) ›Ûé T : U → V ÍÛäÁéõ”Ûõ ÜÈÛµÛéýÛ ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ (a) T(
–
0) = 

–
0, (b) T(–u) = – T(u) 

…¶Ûé (c) T(α1u1 + … … … + αnun) = α1Tu1 + ……. + αnTun. 

  Let T : U → V be a linear map. Then prove that (a) T(
–
0) = 

–
0, (b) T(–u) = – T(u) 

and T(α1u1 + … … … αnun) = α1Tu1 + ……. + αnTun. 

 (3) ïõÛé¤øýÛÛ×ïõ-ÉÛæ¶ýÛÛ×ïõ ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé. 
  State and prove rank-nullity theorem. 
 (4) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û T ¶ÛÛ ¸ÛóþéùÉÛ¶ÛÛ …ÛµÛÛÁõ ¸ÛÁõ¶Ûà Ýïõ¾Û©ÛÛé ¸ÛÁõ¬Ûà ¶ÛÜ‘õ ïõÁõà 

ÉÛïõÛýÛ ™öé. 
  Prove that a linear transformation T is completely determined by its values on 

the elements of basis. 
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 (5) ›Ûé ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û T : R4 → R3 …é T(e1) = (1, 1, 1), T(e2) = (1, – 1, 1), T(e3) =          
(1, 0, 0) …¶Ûé T(e4) = (1, 0, 1) ÈÛ¦éø ÈýÛÛ”ýÛÛÜýÛ©Û ÐüÛéýÛ ©ÛÛé T ¾ÛÛ¤éø ïõÛé¤øýÛÛ×ïõ-ÉÛæ¶ýÛÛ×ïõ ¸Ûó¾ÛéýÛ¶Ûà 
˜ÛïõÛÍÛ¨Ûà ïõÁõÛé. 

  Let T : R4 → R3 be a linear transformation defined by T(e1) = (1, 1, 1),                
T(e2) = (1, – 1, 1), T(e3) = (1, 0, 0) and T(e4) = (1, 0, 1). Then verify rank nullity 
theorem for T. 

 
4. ïõÛéˆ¸Û¨Û ¼Ûé¶ÛÛ ›÷ÈÛÛ¼Û …Û¸ÛÛé. 
 Answer any two : 
 (1) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ Mm × n ¶Ûä× ¸ÛÜÁõ¾ÛÛ¨Û mn ™öé. 
  Prove that the dimension of the vector space Mm × n is mn. 

 (2) ›Ûé ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û T : R3 → R3 …é 

   T(x, y, z) = (x – y + z, 2x + 3y – 
1
2z,  x + y – 2z) ÈÛ¦éø ÈýÛÛ”ýÛÛÜýÛ©Û ÐüÛéýÛ …¶Ûé ›Ûé         

B1 = {e1, e2, e3}, B2 = {(1, 1, 0), (1, 2, 3), (– 1, 0, 1)} ÐüÛéýÛ ©ÛÛé (T : B1, B2) ¾ÛéÇÈÛÛé. 
  Let a linear transformation T : R3 → R3 is defined by 

   T(x, y, z) = (x – y + z, 2x + 3y – 
1
2z, x + y – 2z). If B1 = {e1, e2, e3} and  

  B2 = {(1, 1, 0), (1, 2, 3), (– 1, 0, 1)} then find (T : B1, B2). 

 (3) ËÛéÜ¨Ûïõ A = 
⎝
⎜
⎜
⎛

⎠
⎟
⎟
⎞2 0 1

7 1 2
3 –1 1

 ¶ÛÛé ÜÈÛÍ©ÛÛÁõ •Û¨Û, ÉÛæ¶ýÛÛÈÛïõÛÉÛ ÉÛÛéµÛÛé ©Û¬ÛÛ ïõÛé¤øýÛÛ×ïõ-ÉÛæ¶ýÛÛ×ïõ ¸Û¨Û 

¾ÛéÇÈÛÛé. 
  Find the range, kernel, rank and nullity of the matrix 

   A = 
⎝
⎜
⎜
⎛

⎠
⎟
⎟
⎞2 0 1

7 1 2
3 –1 1

 

 
5. ¤æ×øïõ¾ÛÛ× ›÷ÈÛÛ¼Û ÅÛ”ÛÛé. 
 Answer the following short questions : 

 (1) ›Ûé V = {
–
0} ©ÛÛé V …é ÍÛÛ¾ÛÛ¶ýÛ Ü’õýÛÛ…Ûé Ðéü¥øÇ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ ™öé ? 

  If V = {
–
0} then V is vector space under usual operations. 

 (2)  {ν} …é LD ⇔ ν = 
–
0. ÍÛ¾Û›ÛÈÛÛé. 

  {ν} is LD iff ν = 
–
0. Explain 

 (3) {ν1, ν2} …é LD ⇔ ©Ûé¾ÛÛ¶Ûä× …éïõ ¼Ûà›Û¶Ûä× ÍÛäÁéõ”Û-ÍÛ×ýÛÛé›÷¶Û ™öé. ÍÛ¾Û›ÛÈÛÛé. 
  {ν1, ν2} are LD iff one of them is linear combination of other. Explain. 
 (4) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ (3, 7) ∉ [{1, 2}, {2, 4}] 
  Prove that (3, 7) ∉ [{1, 2}, {2, 4}]. 
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 (5)  R2 ¾ÛÛ× A = {(2, 3)} …¶Ûé B = {(t, 2t) : t ∈ R} ©ÛÛé A + B ÉÛÛéµÛÛé. ©Ûé ÉÛä× ™öé ? 
  In R2 if A = {(2, 3)} and B = {(t, 2t) : t ∈ R} find A + B. What is it ? 
 (6) ›Ûé A = {(x, y, z) : xy = 0} ©ÛÛé A …é R3 ¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé. ïéõ¾Û ? 
  If A = {(x, y, z) : xy = 0} then A is subspace of R3. Why ? 
 (7) ›Ûé C = {(x, y, z) : x + y + z ≥ 0} ©ÛÛé C …é R3 ¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé ? ïéõ¾Û ? 
  If C = {(x, y, z) : x + y + z ≥ 0} then C is subspace of R3. Why ? 
 (8) ›Ûé S = {x – 1, x + 1, x2 + 2} ©ÛÛé S …é P3 ¶ÛÛé …ÛµÛÛÁõ ™öé. ïéõ¾Û ? 

  If S = {x – 1, x + 1, x2 + 2} is basis of P3. Why ?   

 (9) …ÛµÛÛÁõ îýÛÛÁéõýÛ ÉÛæ¶ýÛ ÍÛÜþùÉÛ µÛÁõÛÈÛ©ÛÛé ¶Û¬Ûà. ïéõ¾Û ? 
  A basis can never include the zero vector. Why ? 
 (10) ›Ûé T : R → R3 …é T(x) = (x, x2, x3) ©ÛÛé T ÍÛäÁéõ”Û ÜÈÛµÛéýÛ ™öé ? 
  T : R → R3 defined by T(x) = (x, x2, x3). T is linear. 
 (11) ›Ûé T : R2 → R3 …é T(x, y) = (x, x + y, y) ©ÛÛé r(T) ÉÛÛéµÛÛé. 
  T : R2 → R3 defined by T(x, y) = (x, x + y, y). Find r(T). 
 (12) ›Ûé T : R2 → R2 …é T(x, y) = (x, – y) ©ÛÛé T–1 ÉÛÛéµÛÛé. 
  T : R2 → R2 defined by T(x, y) = (x, – y). Find T–1. 
 (13) ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶Ûé …¶ÛäÄõ¸Û ËÛéÜ¨Ûïõ ÜÈÛÌÛé ÍÛ¾Û›ÛÈÛÛé. 
  Explain matric associated with linear map. 
 (14) ËÛéÜ¨Ûïõ¶Ûé …¶ÛäÄõ¸Û ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ÜÈÛÌÛé ÍÛ¾Û›ÛÈÛÛé. 
  Explain linear map associated with matrix. 
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