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ÍÛæ̃ Û¶ÛÛ : (1) ¼ÛµÛÛ ›÷ ¸ÛóÊ¶ÛÛé ºõÁõœ÷ýÛÛ©Û ™öé …¶Ûé þùÁéõïõ¶ÛÛ× •Ûä¨Û 14 ™öé. 

  (2) ¼ÛµÛÛ ›÷ ÍÛ×ïéõ©ÛÛé ¸Ûó˜ÛÜÅÛ©Û ™öé. 
 

 
1. (…) ÈÛÛÍ©ÛÜÈÛïõ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ¸Ûó©ýÛéïõ u ∈ V …¶Ûé …ÜþùÉÛ α ∈ R 

¾ÛÛ¤éø 0.u = –0 ©Û¬ÛÛ α ⋅–0 = –0. 
…¬ÛÈÛÛ 

  Š¸ÛÛÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ¼Ûé Š¸ÛÛÈÛïõÛÉÛÛé¶ÛÛé ™öéþù•Û¨Û Š¸ÛÛÈÛïõÛÉÛ ¬ÛÛýÛ ™öé ©Ûé¾Û ÍÛÛÜ¼Û©Û ïõÁõÛé. 
 
 (¼Û) ¼Û©ÛÛÈÛÛé ïéõ S = {(x, y, z)/z= 3x – 2y} …é V3¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé. ©Û¬ÛÛ ©Ûé¶Ûä× ¸ÛÜÁõ¾ÛÛ¨Û (…é¤øÅÛé ïéõ 

dim S) ÉÛÛéµÛÛé. 
…¬ÛÈÛÛ 

  µÛÛÁõÛéïéõ S …é ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V¶ÛÛé …ÜÁõî©Û Š¸Û•Û¨Û ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ [S] …é •Û¨Û S ¶Ûé 
ÍÛ¾ÛÛÈÛ©ÛÛé ¶ÛÛ¶ÛÛ¶ÛÛ× ¶ÛÛ¶ÛÛé Š¸ÛÛÈÛïõÛÉÛ ™öé. 

 
 
2. (…) ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û •Û¨Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û •Û¨Û¶ÛÛé ¸Ûó©ýÛéïõ Š¸Û•Û¨Û ¸Û¨Û 

ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û ™öé. 
…¬ÛÈÛÛ 

  ›Ûé U …¶Ûé W …é ÍÛÛ×©Û ¸ÛÜÁõ¾ÛÛ¨ÛàýÛ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V ¶ÛÛ Š¸ÛÛÈÛïõÛÉÛÛé ÐüÛéýÛ ©ÛÛé ¸Ûó˜ÛÜÅÛ©Û ÍÛ×ïéõ©ÛÛé 
¾Ûä›÷¼Û ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ dim (U + W) = dimU + dimW – dim (U ∩ W). 

 
 (¼Û) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛÛ×©Û ¸ÛÜÁõ¾ÛÛ¨ÛàýÛ ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V¶ÛÛ ïõÛéˆ¸Û¨Û ¼Ûé …ÛµÛÛÁõÛé¾ÛÛ× ÁõÐéüÅÛÛ –Û¤øïõÛé¶Ûà 

ÍÛ×”ýÛÛ ÍÛ¾ÛÛ¶Û ™öé. 
…¬ÛÈÛÛ 

  ¼Û©ÛÛÈÛÛé ïéõ B = {(1, 1, 1), (1, 1, 0), (1, 0, 0)} …é ÍÛÜþùÉÛ …ÈÛïõÛÉÛ V3¶ÛÛé …ÛµÛÛÁõ ™öé. 
 
 
3. (…) ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ T : V3 → V3 ¸ÛÁõ ÈýÛÛ”ýÛÛÜýÛ©Û ÜÈÛµÛéýÛ           

T(x, y z) = (x – y, y – z, z – x), ∀(x, y, z) ∈ V3 ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ™öé. 
    …¬ÛÈÛÛ 
  ïõÛé¤øÀÛ×ïõ-ÉÛæ¶ýÛÛ×ïõ ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé. 
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 (¼Û) ¶Ûà˜Ûé …Û¸ÛéÅÛÛ ÜÈÛµÛéýÛÛé ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ™öé ïéõ ¶ÛÜÐü ©Ûé ¶Û‘õà ïõÁõÛé : 
  (i) T : V3 → V2 ³ùÛÁõÛ ÈýÛÛ”ýÛÛÜýÛ©Û ÜÈÛµÛéýÛ T(x, y, z) = (x + y, y + z), ∀ (x, y, z) ∈ V3. 
  (ii) S : V2 → V3 ³ùÛÁõÛ ÈýÛÛ”ýÛÛÜýÛ©Û ÜÈÛµÛéýÛ S(x, y) = (x, x + 1, x – y), ∀ (x, y) ∈ V2. 

…¬ÛÈÛÛ 
 (¼Û) ¶Ûà˜Ûé¶ÛÛ ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ¾ÛÛ¤éø ïõÛé¤øÀÛ×ïõ-ÉÛä¶ýÛÛ×ïõ ¸Ûó¾ÛéýÛ ˜ÛïõÛÍÛÛé. 
  T : V3 → V3, T(x, y, z) = (x – y, y – z, z – x) ³ùÛÁõÛ ÈýÛÛ”ýÛÛÜýÛ©Û, ∀ (x, y, z) ∈ V3. 
 
 
4. (…) (i) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ¼Ûé ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶ÛÛé ÍÛÁõÈÛÛÇÛé ¸Û¨Û ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ™öé. 
  (ii) ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶ÛÛé …ÜþùÉÛ ÍÛÛ¬Ûé¶ÛÛé •Ûä¨ÛÛïõÛÁõ ¸Û¨Û ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ™öé. 

…¬ÛÈÛÛ 
 (…) ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û¶ÛÛ ÉÛä¶ýÛÛÈÛïõÛÉÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û T: U → V ¾ÛÛ¤éø ÍÛÛÜ¼Û©Û ïõÁõÛé 

ïéõ T …éïõ-…éïõ ÐüÛéýÛ ©ÛÛé …¶Ûé ©ÛÛé ›÷ N (T) = {θ u}. 
 
 (¼Û) ¶Ûà˜Ûé …Û¸ÛéÅÛÛ ËÛéÜ¨Ûïõ A ¾ÛÛ¤éø ¸Ûó¾ÛÛÜ¨Û©Û …ÛµÛÛÁõÛé ÍÛÛ¬Ûé ÍÛ×ïõÇÛýÛéÅÛ ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û ¾ÛéÇÈÛÛé.  

  šýÛÛ× A = 
⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤–1 1 0

  1 0 1
  0 1 2

. 

…¬ÛÈÛÛ 
 (¼Û) R3 ¶ÛÛ ’õÜ¾Ûïõ …ÛµÛÛÁõÛé B1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1) …¶Ûé B2 = {(1, 1, 0), (1, 2, 3), 

(–1, 0, 1)} ¶Ûé ÍÛÛ¸Ûé“Û ÍÛ×ïõÇÛýÛéÅÛ ÍÛäÁéõ”Û ¸ÛÜÁõÈÛ©ÛÙ¶Û T : R3 → R3, T(x, y, z) = (x – y + z,           

2x + 3y –
z
2, x + y – 2z) ¶Ûà ÍÛÛ¬Ûé ÍÛ×ïõÇÛýÛéÅÛ ¸Ûó˜ÛÜÅÛ©Û ËÛéÜ¨Ûïõ A = [T : B1, B2] ¾ÛéÇÈÛÛé. 

 
 
5. •Û¾Ûé ©Ûé ÍÛÛ©Û ¶ÛÛ ›÷ÈÛÛ¼Û …Û¸ÛÛé : 

 (i) Ü³ùïõÜ’õýÛÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. 

 (ii) …ÛµÛÛÁõ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. 

 (iii) Š¸ÛÛÈÛïõÛÉÛ¶ÛÛ ¸Ûó©ýÛ“Û ÍÛÁõÈÛÛÇÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. 

 (iv) …éïõÄõ¸Û©ÛÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé. 

 (v) R3 ¶ÛÛ ïõÛéˆ¸Û¨Û ªÛ¨Û ÍÛÜþùÉÛÛé ÍÛäÁéõ”Û ÍÈÛÛýÛ«Û ÐüÛéÈÛÛ ¾ÛÛ¤éø¶Ûà ÉÛÁõ©Û ÅÛ”ÛÛé. 

 (vi) ÍÛÜþùÉÛ (1, 1, 2)¶Ûé ÍÛ¾ÛÛÈÛ©ÛÛ R3 ¶ÛÛ …ÛµÛÛÁõ¶Ûä× ŠþùÛÐüÁõ¨Û …Û¸ÛÛé. 

 (vii) ÍÛÜþùÉÛ …ÈÛïõÛÉÛ L(U, V) …é¤øÅÛé ÉÛä× ? ©Ûé¶Ûé ¤æ×øïõ¾ÛÛ× ÈÛ¨ÛÙÈÛÛé. 

 (viii) ËÛéÜ¨Ûïõ A = 
⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1 1 2

0 1 1
1 2 3

 ¶ÛÛé ïõÛéÜ¤ø ÉÛä× ¬ÛÛýÛ ? 

 (ix) R2 ¶ÛÛ ÍÛÜþùÉÛÛé (1, 5) …¶Ûé (–2, 3) ¶ÛÛé Í¸ÛÛ¶Û ÉÛÛéµÛÛé. 
 

_________ 
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Instructions : (1) All the questions are compulsory and carry 14 marks each. 

    (2) Notations are usual, everywhere. 
 
 
1. (a) Define a real vector space and prove that 
  0.u = –0 for every u ∈ V and α ⋅–0 = –0 for every scalar α ∈ R. 

OR 
  Define subspace. Prove that intersection of two subspaces is also a subspace. 
 
 (b) Show that S = {(x, y, z)/z= 3x – 2y} is a subspace of the vector space V3. Also find 

dim S, the dimension of S. 
OR 

  Let S be a non-empty subset of a vector space V then prove that [S] is a smallest 
subspace of a vector space which containg the set S. 

 
 
2. (a) Define Linearly Independent set. Prove that any subset of a linearly independent 

set is also a linearly independent set. 
OR 

  If U and W are subspaces of a finite dimensional vector space V then prove in 
usual notations that dim (U + W) = dimU + dimW – dim (U ∩ W). 

 
 (b) Prove that any two bases of a finite dimensional vector space V has equal number 

of elements. 
OR 

  Show that B = {(1, 1, 1), (1, 1, 0), (1, 0, 0)} is a basis for the vector space V3. 
 
 
3. (a) Define a linear transformation. Prove that T : V3 → V3 defined as  
  T(x, y, z) = (x – y, y – z, z – x), ∀(x, y, z) ∈ V3 is a linear transformation. 
    OR 
  State and prove Rank-Nullity theorem. 



TQ-115 4  

 (b) Determine whether the following maps are linear or not : 
  (i) T : V3 → V2 defined as T(x, y, z) = (x + y, y + z), ∀ (x, y, z) ∈ V3. 
  (ii) S : V2 → V3 defined as S(x, y) = (x, x + 1, x – y), ∀ (x, y) ∈ V2. 
     OR 
 (b) Verify Rank-Nullity theorem. 
  T : V3 → V3 defined as T(x, y z) = (x – y, y – z, z – x), ∀ (x, y, z) ∈ V3. 
 
 
4. (a) (i) Prove that sum of two linear maps is a linear map. 
  (ii) Prove that scalar product of a linear map is a linear transformation. 

OR 
 (a) Define Null space of a linear transformation. Suppose T: U → V be a linear 

transformation then prove that T is one-one if and only if N (T) = {θ u}. 
 
 (b) Find the linear map associated with the following matrix A  

  relative to the standard bases, where A = 
⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤–1 1 0

  1 0 1
  0 1 2

. 

OR 

 (b) Let T : R3 → R3 be defined by T(x, y, z) = (x – y + z, 2x + 3y –
z
2, x + y – 2z) and if 

  B1 = {(1, 0, 0), (0, 1, 0), (0, 0, 1) and B2 = {(1, 1, 0), (1, 2, 3), (–1, 0, 1)} are two 
ordered basis of R3 then in usual notation Find matrix A = [T : B1, B2]. 

 
 
5. Attempt any seven : 

 (i) Define : A binary operation. 

 (ii) Define : Basis. 

 (iii) Define : the direct sum of subspaces.  

 (iv) Define : Isomorphism. 

 (v) Write condition for any three vectors in R3 becomes a linearly independent. 

 (vi) Give an example of a basis in R3 which containing vector (1, 1, 2). 

 (vii) What is the vector space L(U, V) ? Explain in short. 

 (viii) What is the rank of the matrix A = 
⎣
⎢
⎢
⎡

⎦
⎥
⎥
⎤1 1 2

0 1 1
1 2 3

 ? 

 (ix) Find the span of the vector (1, 5) and (–2, 3) in R2. 
 

_________ 
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