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1. (A) If a power series Zan(z — 20)" converges when z = z;(2; # 2y), prove that it
n=0
is absolutely convergent at each point z in the open disk |z — 25| < Ry where
Ry = |21 — 2. 7
1
(B) Represent the function f(2) = s . 7
Z —

(a) by its Maclaurin series in the domain |z] < 1;

(b) by its Laurent series in the domain 1 < |z| < ooc.

OR
Prove that a power series Z an(z — 2p)" represents a continuous function S(z) at
n=0
each point inside its circle of convergence |z — zy| = R. 7
1 1 11 7
Show that ——— = — — = - =+ —z + ... 0 <z <m). 7
2?2gsinhz 23 6 2z 360 J ( l | )
z i
Also using this expansion show that — - = —~ when C' is the positively
¢ z*sinh z 3

oriented unit circle |z| = 1.

Let a function f be analytic at a point zy. Prove that it has a zero of order m at
zo if and only if there is a function g, which is analytic and nonzero at zy, such
that f(z) = (2 — 29)"g(2). 7
Find out all singularities and determine their types and orders for the function
z —coshz
f(z) = ————. Also evaluate the integral f(z)dz. 7
z#cosh z |2—i]=1
OR
State and prove Cauchy’s residue theorem. 7

Using the Cauchy’s residue theorem, evaluate the integral of the function

1
1) = ==

around the circle |z| = 3 in the positive sense. 7
z



N 202~ 2

> d

3. (A) Use residues to prove that /0 (—3—35—{—1—)—2— = % 7

taz ___ ,ibz
(B) Use the indented contour and f(z) = ¢ 5 € to derive the integration formula

z
/ cos(ax) —;cos(bx)dx _ ﬁ(b —4) (a20,b>0). -
0 x 2
OR

27 de

(A) Use residues to evaluate the integral / —_— (=l<a< ). 7
o l-+acost

* cos(azx) T
dr=—e ™, a>0.
x?+1 2

-3

r
(B) Use residues to prove that /
0

4. (A) Let C denote the circle |z| = 7, described in the positive sense. Evaluate the

1 [ f T+ (2 - 1)’
integral ———/ 12) dz when the function f(z) = (2 >11(Z 9) 5 7
2mi Jo f(2) (z+3) (z—2)
(B) State and prove Rouché’s theorem. 7

OR

(A) Show that the image of a circle under the transformation w = 1/z maps to a circle

or a straight line in the w plane and find image of circle 2 + y? = 4y in the w

plane. 7

(B) Find the Mébius transformation that maps the points 2z = —1,20 = 1,23 = —1
onto the points wy = 1, we = oo, w3 = 0. 7

5. Attempt any seven of the following. 14

(z—1)(z - 2)

(1) The series representation of f(z) = in the domain |z| < 1 is
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1/z

(2) The Laurent series representation of e'/* in the domain 0 < |z| < 0o is

A Y © Y
n=0 n=0 """
B> L o5

(3) The series representation of in the domain |z| < 1 is

2
(1-2)°

@) Snmn © S+ 1)z
n=0 n=0
(B) ) (n+2)" (D) > (n+1)(n+2)z"
n=0 n=0
(4) / e r)dy = , where C is the circle |z| = 1, taken counterclockwise.
c
(A) 2 5! (C) 2 "zzio L
i — Y 2mi
£~ nl = (n+1)l(n+2)!
(B) 2 5 ! (D) 2 Tio !
i i
= nl(n+ 1)! “— nl(n + 2)!
(5) The value of the integral of f(z) = ( c 72 around the circle |z|=2 in the positive
z pu—
sense 1s
(A) 2mie (C) —2mie
271 2me
By b) P
®) 7 ) =
1 — cosh
(6) At z =0, f(z) = —9§§——Z has a pole of order m =
z
(A) 1 (C) 3
(B) 2 (D) 4

(7) The Jordan’s inequality states

A " —Rsind L /ﬂ 7Rsin9d0 l R>0
W) [ e < 7 (5> 0) © [ > 0% (R >0)
(B) / e Rsintgy < T (RS 0) (D) / e Fsnige s T (R~ 0)
0 R 0 R
(pTe



(8)

(10)

(11)

(12)

N 2024

To integrate /0 b 1—:};, we will use a contour
(A) circle 2| =R

(B) real axis and unit circle |z| =1

(C) real axis and upper half of circle [z| = R
(D)

D) real axis and lower half of circle |z| = R

2m
To evaluate the integrals of the type / F(sin 8, cos 0)d#, the contour used is
0

(A) any circle (C) rectangle

(B) semi-circle (D) unit circle

Let f(z) = 2% —1 and consider the contour C as the unit circle |z| = 1. The change

in the argument of f(z) as z moves once counterclockwise around C' is

(A) 2m
(B) 4r
(C) 6
(D) 0

Consider the following lines L, = {z € C|5z + 7y = 8} and L = {z € C| Im(z) = 1}.

The images of Ly and L, respectively under the inversion mapping w = 1/z are
(A) Line and Circle

(B)

(C) Lines
(D)

Circles

Circle and Line

Evaluate / ° ~dz
|z|=37 er —1

(A) mi

(B) 2ms

(C) 4mi

(D) 6mi




