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L. (A) Describe the symmetries of an equilateral triangle. 7
Construct the corresponding Cayley table.
(B) Let H and K be subgroups of an Abclian group G. 7
Show that the set HK = {hk | h e H.Fk ¢ K} is a subgroup of G.
OR
(A) Show that every subgroup of a cyclic group is cyclic. List all subgroups of Doy T
(B) Determine the subgroup lattice for the group Zsg. 7
2. (A) State and prove Cayley’s theorem. 7
(B) Determine the number of elements in S7 of order 2, 3, and 12. 7
OR
(A) State and prove Lagrange’s theorem. 7
(B) Determine the number of cyclic subgroups of order 10 in Z;oy @ s, 7
3. (A) Let G be a group and let Z(G) be the center of G. If G/Z(G) is cyclic, prove that
G is Abelian. 7
(B) If N and M are normal subgroups of a group . prove that NM is also a normal
subgroup of G. 7
OR

(A) If a group G is the internal direct product of a finite number of subgroups
Hy{,Hy, ... H,, prove that ( is isomorphic to the external direct product of
H,Hy, ... ,H,. 7
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(B) State and prove first isomorphism theorem. 7

4. (A) Define conjugacy class of an element a in a group G. Calculate all conjugacy

classes for the dihedral group D, and verify the class equation. 7

(B) If G is a group of order pg, where p and ¢ are primes, p < g, and p does not divide
q — 1, prove that G is cyclic. Is there any group G, such that |G/Z(G)| = 777
Explain. 7

OR

(A) State and prove Index theorem. Is there any simple group of order 807 Explain.7

(B) Prove that a Sylow p-subgroup of a finite group G is a normal subgroup of G if

and only if it is the only Sylow p-subgroup of G. 7

5. Attempt any seven of the following. 14

(1) The order of the center of the dihedral group Dag is
(A) 1 (B) 2 ()3 (D) 4

(2) Which of the following groups are cyclic?
(A) The group of integers Z
(B) The group Z & Z
(C) Dihedral group Dy
(D) The group U(10) under multiplication modulo 10.
(3) Let a and b be elements of a group. If |a| = 10 and [b| = 21, then [(a) N (b)] equals

(A) 10 (B) 21 (C) 5 (D) 1

(4) In Zis, the order of the element 15 is

[

(A) 6 (B) 3 (€) 5 (D)

(5) The order of the permutasion (1 2)(134)(1526) is
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(6) Let o be an odd permutation of the symmetric group S7. Then the possible disjoint

cycle structures of « are

(7) The number of automorphisms of the group Zi5 is
(A) 1 (B) 8 (C) 5 (D) 15

(8) Let ¢ be an automorphism of dihedral group Dg. Then ¢(Rygo) = .
(A) Ry (B) R (C) Reo (D) Riso

(9) What is the order of the factor group Zgzy/(5)?
(A) 5 (B) 6 (C) 4 (D) 3

(10) In the symmetric group S3, the conjugacy class of (1 2), cI((1 2)) equals

(A) {(12),(13);

(B) {(12),(123).(132)}
(€) {(12),(13),(23)}
(D) {(12),(23);

(11) How many Abelian groups (up to isomorphism) are there of order 727
(A) 2 (B) 4 (C) 6 (D) 8
(12) Which of the following groups are simple?

(A) S (B) Za (C) Zys (D) As



