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Instructions : (1) Notations and terminologies are standard.
(2)  All the questions are compulsory.
(3) Figures on the right-hand side indicates the marks.

1. (A) Let~ be an equivalence relation in a set A and suppose c/(a) is the equivalence
class for a € A. Then prove that fora, b € A, 7

(i) a~b<cl(a)=cl(b)
(i) cll@)=clb)=clla)nclb)=1¢

(B) LetGZ{(a bj
-b a

a,beR and a+b? 0}. Show that G is a commutative

group under matrix multiplication. 7
OR
(A) Let * be a binary operation on a finite set G. If * is associative and both right and
left cancellation laws hold for * in G then prove that (G, *) is a group. 7
(B) Leta e G be an element with o(a) = n. Then prove that 7

(i) o(aP)<o(a), wherep € Z

(ii) o(a™)=o(a)
(i) If (g, n) = 1 then o(a9) = o(a), for q € N.

2. (A) State and prove the Lagrange’s theorem for a subgroup H of a finite group G. 7
(B) Define normalizer N(a) for a € G. Prove that N(a) is a subgroup of G. 7
OR
(A) Prove that: 7
(i) x'Hx= {x'hx | h € H} is a subgroup of a group G, if x € G and H is a
subgroup of G.
(i) Intersection of any two subgroups of a group G is also a subgroup of G.
(B) Define a cyclic group. Prove that a group of prime order is cyclic. 7
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3. (A) Define a permutation. List all the permutations on S = {1, 2, 3} and prepare the
group table for S;.
(B) IfK s asubgroup of G and H is a normal subgroup of G, then prove that 7
(i) K H isanormal subgroup of K.
(i) KH is a subgroup of G.
OR
(A) Letf=(134562),g=(1243)56) €S,. 7
Obtain fog?. Also find o(f) and o(g).
(B) Prove that a subgroup H of a group G is normal if and only if aHa™! < H for each
aeG. 7
4.  (A) Prove that any two finite cyclic groups of the same order are isomorphic. 7
(B) Let G = <a> be a finite cyclic group of order n. Prove that for 1 < s < n, the
element a® € G is a generator of G if and only if (n, s) = 1. 7
OR
(A) Prove that the kernel K¢ of a group homomorphism ¢ : (G; 0) —> (G'; *) is a
normal subgroup of group G. 7
(B) Let H be a normal subgroup of a group G and ¢ : (G; o) —> (G'; *) be a group
homomorphism, then prove that ¢(H) is a normal subgroup of ¢(G). 7
5. Attempt any seven : 14
(1) Define a symmetric group S_ and an alternative group A .
(2) Let G be a commutative group. Let a, b € G such that o(a) = 3 and o(b) = 5. What
is o(ab) ? Justify your answer.
(3) Define center of a group. Find the center of (Z, +).
(4) State the Euler’s theorem.
(5) Examine whether the following permutations are even or odd :
(i) f=(123)45)678)c¢eS;.
(i) g=(17313)2109)(612)@8 15) € Ss.
(6) State the Cayley’s theorem.
(7) Prove that a cyclic group is commutative.
(8) Obtain all generators of a group (Z |, + ;7).
(9)  Find all homomorphisms from group (Z; +) to (Z,; +,)

(10) Define inner automorphism.

(11) If G=<a>is acyclic group of order 12 then find all subgroups of G.

(12) State true or false with justification : “A_ is normal subgroup of S , for eachn € N.”
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