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(1) Define a group. Prove that in a group G : 7
(1)  There exists unique identity in G, and
(i1)) There exists unique inverse in G.

(2) If *1is an operation definedasa*b=a+b+ab foralla,b e G=R-{-1},
then show that * is a binary operation and (G, *) is an group. 7

OR

(1) Define a congruence relation. Prove that “congruence relation. Prove that
“congruence modulo n”is an equivalence relation on Z, where n > 0 is an integer.

(2) Show that the set of all positive rational number Q, Form G group under
the composition defined by a * b = @; wherea, b € Q,.

Answer any two of the following in short : 4

(1)  State division algorithm theorem for integer n > 0.

(i) Inacyclic group G = {1, -1, 1, —1}. Find order of each element of G.

(ii1)) Give an example of a non-associative binary operation on R.

(1) State and prove Lagrange’s theorem for a sub-group H of a finite group G. 7

(2) Prove that a finite non-empty subset H of a group G is a subgroup of G if it
is closed under multiplication. 7

OR

(1) Show that x ! Hx = {x ! 4x); 4 € H} is a subgroup of Gifx e Gand His a
subgroup of G.

(2) If H; and H, are two subgroups of G then prove that H; n H, is also a

(1) All the questions are compulsory.
(2) Notations are usual everywhere.
(3) Figures on the right indicate marks of the questions/sub-questions.

subgroup of G. Is H; U H, is always subgroup of G ? Justify your answer.
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(B) Answer any two of the following in short :

(i) Prove that a> = e for each element ‘a’ of a group G, then G is a
commutative.

(i1)) State Euler’s theorem and explain Euler’s ¢ function.
(ii1)) If G=<a>isacyclic group of order 10, then obtain all subgroup of G.

3.  (A) (1) Define disjoint cycles in Sn. Prove that any two disjoint cycles in Sn are
commutative.

(2) For F, G e S, find (i) fg, (i) gf, (iii) £1, (iv) fgf!, (v) fe, where
F=(134562);g=(1243)(56).
OR

efine normal subgroup of G and prove that if H is a normal subgroup of a
1) Defi 1 sub fG and hat if H i 1 sub f
group G if and only if aH a-! CH for each a € G.

(2) List all permutations on S = {1, 2, 3} and prepare group table for S;.

(B) Answer any two of the following in short :
(i)  Define cycle and transposition.
(i1)) Define even and odd permutations.
(ii1)) Define a product of two permutations.

4.  (A) (1) State and prove the fundamental theorem of a homomorphism.

(2) Prove that any two finite cyclic group of the same order are isomorphic
groups.

OR
(1) Define Kernel of a group homomorphism. Also prove that the Kernel k, of
a homomorphism ¢ : (G, 0) = (G~!, *) is a normal subgroup of G.

(2) Define an isomorphism of a group. Prove that relation of isomorphism in
the set of two groups is an equivalence relation.

(B) Answer any two of the following is short :
(i)  Prove that cyclic group is always commutative.
(i1)) State the Cayley’s theorem.
(ii1)) Define Alternative group and Quotient group.
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