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1. (a) Attempt any ONE. 7

(i) State and prove Cayley’s theorem.
(ii) For every positive integer n, prove that Aut(Z,) is isomorphic to U(n).
(b) Attempt any TWO. 4
(i) For n > 3, prove that each & € A, can be expressed as a product of
3-cycles.
(ii) Prove or disprove that U(24) is isomorphic to U(20).

(iii) Let G be the group of non-zero complex numbers under multiplication
and let H = {z € G/|z| = 1}. Give a geometric description of the cosets
of H.

(c) Answer very briefly. 3
(i) Express the m-cycle (1,2, 3,..,m) as the product of transpositions.
(ii) If G is a group with |G|=71, prove that G is cyclic.
(iii) If H and K are subgroups of G such that |H|=24 and | K'|=65, find [HNK]|.
2. (a) Attempt any ONE, 7
(i) State and prove G/Z theorem.

(ii) Let G be a finite Abelian group and let p be a prime that divides the

order of G, prove that G has an element of order p.
(b) Attempt any TWO. | 4
() What is the largest order of any element in U(900)?
(ii) How many elements of order 2 are in Z2000000 ® Zaoooooo? Explain.

(ii) Find a subgroup of Z;» ® Z, ® Z,5 that is of order 9.

(PT.
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(c) Answer very briefly. 3
(i) What is the largest order of any element in Zg; + Zr,? Explain.
(ii) What is the order of element 14+ < 6 > in the factor group Zyg/ < 6 >?
(iii) In Z, let H =< 5> and K =< 7 >, prove Z = HK. DoesZ = H x K?
Explain.

3. (a) Attempt any ONE. 7
(i) Prove that H; x Hy x ... x H,, is isomorphic to H; @ H, & ... @ H,,.
(ii) State and prove the First Isomorphism Theorem.
(b) Attempt any TWO. 4

(1) Determine all Abelian groups of order 200.

(i) If G is a finite group and the factor group G /H has an element of order k

then prove that G has an element of order k.

(iii) Can there be a homomorphism from Z, @ Z, onto Zg? Justify.
(c) Answer very briefly. 3

(i) Prove that SL(2, R) is a normal subgroup of GL(2, R).

(ii) Prove or disprove: If H and K are subgroups of group G then HK is also
a subgroup of G.

(iii) Determine all homomorphisms from (Z,4+) to itself.

4. (a) Attempt any ONE. 7
(i) Let G be a finite group such that |G| = p* ( where, pisa prime; k£ > 1)then
prove that Z(G) has more than one element.
(ii) State and prove Sylow’s First Theorem.
(b) Attempt any TWO. 4
(i) If |G| = 36 and G is non-Abelian then show that ny > 1orng > 1.
(ii) Prove that any group of order 99 is Abelian.

(iii) If H is a Sylow p-subgroup of a finite group G and H is normal in G then
show that G has a unique Sylow p-subgroup.
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(c) Answer very briefly.

(i) Define the conjugacy class cl(a).

(ii) State ( without proof) the Sylow’s third theorem

ili) Prove that every group of order p? ( where, p is prime) is Abelian.
b

5. (a) Attempt any ONE. 7

(i) Define simple group. Prove that there are no simple groups of order 80
and 112.

(ii) Define simple group. Prove that Aj is simple.

(b) Attempt any TWO.

(i) Determine all finite Abelian groups that are simple.

(ii) Prove that there is no simple group of order 280.

(iti) How many non-equivalent ways are there to color three black and three

white vertices of a regular hexagon under the subgroup H of all rotations
in dihedral group Dg? Explain.
(c) Answer very briefly.
() IfIGl=p(pis prime), show that G cannot be simple.

(ii) Define (a) orbit(i) (b) fiz(e).

(iii) State ( without proof) Burnside theorem.
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Q1
A) Attempt any ONE:

(i) Find the gelneral integral of (mz — ny)p + (nx — lz)q = ly — mx

(ii) Verify that the Pfaffian differential equation yzdx + (x%y — zx)dy + (x?z — xy)dz = 0
is integrable and find its integral.

B) Attempt any TWO:

(i) Eliminate the function F from z = x"F(%) and find the corresponding partial differential

equation

(i) if X.curlX = 0 where X = (P, Q, R) and u is an arbitrary differentiable function of x,y
and z, then prove that uX. curl(uX) = 0

(iii) Find the integral of the Pfaffian differential equation ydx + xdy + 2zdz = 0
C) Answer very briefly:

(i) In case of first order partial differential equations define a semi-linear equation and give
an example

(ii) Give geometrical interpretation of the complete integral of a partial differential equation
of the first order

(iii) Find the general integral of z(xp + yq) = xy

Q.2

A} Attempt any ONE:

(i) Find a complete integral of p3 + pZ + p; = 1 by Jacobi’s method

(i) Find the integral surface of the linear partial differential equation xp + yq = z which
contains the circle defined by x2 + y? + z2 = 4,x +y+z =2

B) Attempt any TWO:
(i) Find a complete integral of x(1 + y)p = y(1 + x)q
(i) Find a complete integral of pg = px + qy

(iii) Write (do not solve) the auxiliary equations of the partial differential equation

z% = pqxy (RTO)



E 42

C) Answer very briefly:

(i) Write down the two conditions under which the equations f(x,y,z,p,q) = 0 and
g(x,y,2z,p,q) = 0 are compatible on a domain D.

(ii) Find the singular integral of p? + g% = m?, where m is a constant
(iii) Define: Admissible Curve

Q.3

A) Attempt any ONE:

(i) State and solve the one-dimensional wave equation in case of an infinite vibrating string
with initial displacement distribution f{x) and initial velocity distribution g(x)

(i) Find the integral surface of the equation pg=z passing through the curve C: x=0, y=z
B) Attempt any TWO:

(i) For the one parameter family of planes z — z5 = p(x — x¢) + q(¥ — ¥o), where
g=q(Xa.Ya 20,p), write down the analytic expression for the Monge cone at (xq,¥0,20)

(ii) State the solution of the PDE: u,; = u,, , — < x,t < o and initial conditions
u(x, 0) = 0,u,(x,0) = sinx

(iii) For what values of x and y are the two equations Uy, + 2Xu,,, + (1 - yz)uyy =0 and
(1 + yHDugye + (1 + x?)uy,;, = 0 hyperbolic?

C) Answer very briefly:

(i) Write the expression of the homogeneous second order elliptic partial differential
equation in polar coordinates

(it} Define: Robin’s boundary value problem

(iii) State the Cauchy problem for a second order partial differential equation
Q.4

A) Attempt any ONE:

(i) State the problem of the wave equation in the case of vibrations of a string of finite
length and solve it using the method of separation of variables. Consider that both ends
are fixed and initial displacement distribution if f(x} and initial velocity distribution is g(x)

{ii) State and prove the maximum principle for a two dimensional harmonic function. Also
state (only) the strong maximum principle.

B) Attempt any TWO:

(i) State the Hadamard’s conditions for a well-posed problem
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(i) In case of Laplace equations, prove that the solution to the Dirichlet problem is stable

(iii) In case of Laplace equations, prove that the solution of the Neumann problem is unique
upto the addition of a constant

C) Answer very briefly:

(i) Define: Stable solution

(ii) State (only) Harnack’s theorem

(iiii) State (only) the Neumann probiem for a circle
Q.5

A) Attempt any ONE

(i) State and solve the heat conduction problem for an infinite rod case with initial
temperature distribution in the rod at time t=0 given by f{x)

(i) Show that (x — €)? + y? = u[(x + C)* + y?] represents a family of equipotential
surfaces and find the corresponding potential function

B) Attempt any TWO

(i) Using the Duhamel’s principle, state the solution of the wave equation in case of vibrating
string of infinite length with initial displacement distribution f{x) and initial velocity
distribution g(x) and the forcing term h{x,t)

(ii) State {only) the Dirichlet problem for a circle and state its solution

(iii) State (only) the partial differential equation and boundary conditions for the probiem :
Find the steady state temperature distribution in a semi-circular plate of radius a,
insulated on both the faces with a curved boundary kept at a constant temperature Uo
and its boundary diameter kept at zero temperature

C) Answer very briefly
(i) Write (only) the Poisson’s equation in two variables
(i) Define: Family of equipotential surfaces

(iii) What is the necessary condition for the existence of the solution U of the problem
a
V2U = 0 in a bounded domain D, and g—: = f(s) on the boundary B, where — is the

directional derivative along the outward normal.

-3-%
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(A) Attempt any one (7]
(1) If the sequence of measurable functions f,(z) converges to f(x) almost
everywhere on a bounded measurable set E, then prove that f, = f.

(2) Let f : E = [a.b] & R be measurable. Prove that for given o > 0
and € > 0, there exists a continuous function ¥(z) on [a.b] such that
mE(|f — ¢! >0) <e.

(B) Attempt any two (4]

(1) Let f : E = [a,b] =& R be measurable. Prove that for given ¢ > 0.
there exists a bounded measurable function g(z) on [a.b] such that
mE(f #79) <e.

(2) If f, = f and g, = g then show that 3f, + g = 3f + 9.

(3) Verify Egorov’s theorem for the sequence f, : (0,1) — R defined by
fa(z) = 1_4.1,{5

(C) Answer in brief [3]

(1) State (only) Egorov’s theorem.

(2) State (only) Luzin’s theorem.

(3) If E denotes the set of rationals in [0. 1], then prove that every real-
valued function defined on E is measurable.

(A) Attempt any one [7]

(1) Define Bernstein polynomial. If f(z) is a continuous function on [0, 1]
then prove that the sequence of its Bernstein polynomials converges
uniformly to f on [0, 1].

(2) Prove that Lyla,b] is complete where p > 1.
(B) Attempt any two [4]

(1) Show that cos® z is an even trigonometric polynomial for every positive
integer k.

(2) Show that convergence in mean implies convergence in measure.

(3) Show that the set of all bounded measurable functions on [a, b] is dense
in Lpfa,b] for all 1 < p < oo.

(C) Answer in brief (3]

(1) State (only) Weierstrass theorem for 2m-periodic continuous functions.

(2) Explain the meaning of f, — f weakly in Ly[a, b] where p > 1.

(3) True or False: Lp[a,b] C Li[a,b] for all p > 1. (F‘,T‘O)

70



Q3.

Q4.

Eha9-2

(A) Attempt any one (7]

(1) If f : [a,b] — R is increasing then show that its derivative f/(z) is
measurable and

b
/ f(@)dz < F(b) - f(a).

(2) Deriving all the necessary results, show that the set of discontinuity of
an increasing function is atmost countable.

(B) Attempt any two [4]

- () oo

(1) For the function

0 ifx =0,

compute its any two derived numbers at the origin.

r if0<z<i

@ =1 05

Determine the total variation of f on [0, 1].
(3) If f is of finite variation on R, then show that

lim V°(f) =0.

00

(C) Answer in brief (3]

(1) Determine the total variation of f(x) = 2% on [~1, 1].
2 ifo<az<1

(2) Let f(z) = 2z ifl<z<2.

What is the saltus of f at the point z = 17

(3) Prove or disprove: The function f(z) = x is of bounded variation on
(—o00, 00).

(A) Aitempt any one (7]
(1) If £ : [a,b] - R is such that f’(z) is finite everywhere and summable
on [a,b], then prove that
C
f(c) = f(a) +/ fl(t)dt, a<e<b.
a
(2) If ¢ : [a,b] — R is such that at every point of [a,b] all the derived
numbers of ¢ are non-negative, then prove that ¢ is increasing.
(B) Attempt any two (4]

(1) Prove that every absolutely continuous function is of finite variation.

(2) If f : [a,b] = [c,d] is absolutely continuous and g : [c,d] =& R is
Lipschitz continuous then show that g o f is absolutely continuous on
[a.b].
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(3) If f is summable on {a, b, then prove that

oa) = [ " f(0)dt

is absolutely continuous on [a, b}.
(C) Answer in brief (3]
(1) Let ¢(z) = [T f(¢)dt. If the point x = u is the Lebesgue point of f,
then show that ¢/(u) = f(u).

(2) True or False: Every continuous function which is of bounded variation
on [a, b] is absolutely continuous.

(3) Is f(z) = v/x + 2z absolutely continuous on [0,1]? Why?
(A) Attempt any ore (7]

(1) State and prove Riemann-Lebesgue lemma and use it to prove that if
¢ € L[0, 7] then

n—o0

lim /7r o(t)sin(n + %)tdt =0.
0

(2) For f € Ly[—n, x|, if Sn(z) denotes the partial sums of the Fourier
series of f, then show that ||f — Tx|l2 > || f — Sn||2, for every trigono-
metric polynomial T of degree N.

(B) Attempt any two (4]

(1) Show that the series Yo ,(—1)* is cesaro-summable.

(2) State (only) Parseval’s identity and use it prove that if the Fourier
coeflicients of an Lo-function are all zero, then the function is zero
almost everywhere.

(3) Give the definition of D, (z) and if z is not a multiple of 27, then derive
the formula for D, (z) in terms of sine function.
(C) Answer in brief [3]

(1) Determine the value of Fy,(z) when z is a multiple of 2x.
(2) State any one difference between the properties of F,,{z) and D,(z).

(3) State (only) any one sufficient condition for the pointwise convergence
of the Fourier series for f € L[—m,7].
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