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1. (a) If f is analytic on an open disk |z — 25| < Ry. show that f(z) has  (7)
the series representation:
. - f("')(Z()) n
f(2) =) ==z =) (12— ] < Ri)
n=0
OR
a) Show that the power series > oo ,a,(z — 2zy)" represents a contin- (7)
n=0
uous function S(z) at each point inside the circle of convergence
|z — 2| = R.
(b) Answer any two of the following briefly: | (4)
(i) Obtain o =L — 1.1y o 0 < |2l <7,
(ii) Represent the function f(z) = 2 by one of its Laurent Series
specifying the domain.
(iii) Represent the function f{z) = T:lh_"’) by one of its Laurent Series
specifying the domain.
(c) Answer all of the following very briefly: (3)
(i) Obtain the Taylor series for e* in powers of z — 1.
(ii) Obtain the Maclaurin series for the function cos z.
(iii) Show that 1o = "¢ L2 o — il < V2.
2. (a) Evaluate the following:(i) [ ;’”“J;]) d= (i) | ijl:/;dz. (7)
|22 2=3
OR
a) Suppose Cn denotes the positively oriented boundary of the square (7)
q ,
whose edges lie along the lines + = = (N + ) mandy = £ (N + i)
where NV is a positive integer. Show that
r \
de 1 —1)"
P - =27 —,'4—2 ()
z¥sin 2 6 n2m?
Cn n=1
(PTo)
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(b) Answer any two of the following briefly:

(i) Describe three types of isolated singular points with an illustra-

tion of each type.
(ii) Evaluate the integral: | o2 g,

(z—1)
|z|=3

(iii) Evaluate the integral [ de

(c) Answer all of t

jz]=2

he following very brice ﬁv:

(i) List all the singular points of 5o T\. Which of these are isolated

singular points and which are 11()1 ?

(i) List all the

singular points of —(~T—ﬂ Which of these are isolated

singular pomts and which are not”

(iii) Find s &

1)‘2

3. (a) State and prove Liouville's theorem. What does this theorem say for
the entire function that is not a coustant function? What can you

conclude for the function exp(z) or sin(z)?

OR

(a) Suppose f(z) is analytic aud |f(z)| < |f(20)] on |z — 2| < €. Show
that f is constant throughout the neighbour hood.

(b) Answer any two of the following briefly:

(i) State the Maximum Modulus Principle. Aud derive the Mini-
mum Modulus Principe after carefully stating it.

(ii) Suppose that f(z) is entire and that the harmonic function

w(T,y)

= Re[f(2)] has an upper bound; that is u(z,y) < uyg

for all points (x,y) in the zy planc. Show that u(x,y) must be
constant throughout the piane.

(iii) Suppose [
0Ly

(z) = € and R is the rectangular region 0 <z < 1,
Where does u(x,y) = Re[f(z)] reach its maximumn

and minimum oun R?

(c) Answer all of t

he following very briefly:

(i) State carefully the Fundamental theorem of algebra.

(ii) Let f(z) = (z+1)* and R be the closed triangular region deter-

mined by 0.

9 and 7. Where do the maximum and minimum of
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|f(z)| occur on R. ‘

(iii) |f(z)| can have its minimum value at an interior point of f.
Justify the statemnent.

4. (a) Giving all the details evaluate the improper integral [~ F:L—ldx using  (7)

residues.
OR
(a) Giving all the details evaluate the improper integral [ mﬁ%ﬂ—ﬁdx (7)
using residues.
b) Answer any two of the following briefly: (4)
)
(i) Giving ininimal details show that fjﬂ 1—+g§1—29 = /27

(ii) Giving the mnain steps only and using residues find the value of

SO 1
— l(x
Jo 27+

(ili) Under the appropriate asswinptions show that:

r .
lim f(z)e'*dz=0
R—x CH.

What is this result called?
(c) Answer all of the following very brietly: (3)

(i) How in two ways can one define the Improper Integral [*_ f(r)dx”

(i1) Using residues and giving minimal details find the value of:

—dx
Jo -+ 1

F(sin 6, cos §)df to the contour integral’

ca ‘2 f
(iii) How do you convert [~
5. (a) Suppose f is meromorphic in the domain interior to a positively (7)

oriented simple closed contour C. and [ is analytic and nonzero on
C. Then show that the winding nuinber of I' = f(C) around origin
is given by

1
—ANgarg f[(z) =2 - P
27 ‘

What are Z and P?
(pTO)

3/4




£h26-h
T OR

(a) Give carefully the definition of Mdbius Transformation as a bijec-
tion from the extended complex plane onto the extended complex
plane. Show that composition of two Mobius Transformations 1s
also a Mébius Transformation. Show that the inverse of a Mobius
Transformation is also a Mobius Transformation.

(b) Answer any two of the following briefly:

(i) Show that every lincar fractional transformation, with one ex-
ception, has at most two fixed points in the extended complex
plane. State clearly as to what is this exception?

(ii) Show that any bilinear transformation is completely determined
by its effect on any three distinct points.

(iii) Counting multiplicities determine the number of roots of the
polynomial equation 2z° — 6z* + z + 1 = 0 in the annulus
<z <2

(c) Answer all of the following very briefly:

(i) Whth the use of indented path how will you obtain JEEdx =
narrate the story without elaborating too much.

ol

(ii) Find all the fixed points of Tz = % in the extended complex
plane.

(iii) Give an example of Mdbius Transformation which has exactly
one fixed point in the extended complex plane. Which is the
fixed point of your example’

(4)




