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1. (A) Attempt any one. (7) 

  (1) State and prove the uniqueness theorem for the real-valued continuous and 

L1 functions. 

  (2) If f  L then show that 

lim
p 

 ||f||p = ||f||L. 

 (B) Attempt any two. (4) 

  (1) Does there exist a non-constant function f  L1 such that f̂(mn) = mf̂(n) for 

all non-zero integers m and n ? 

  (2)  If f is absolutely continuous, then show that D̂f (n) — inf̂(n). 

  (3)  If f  L1, then show that 

–̂
f(n) = 

––––
 f̂(–n). 

 (C)  Answer in brief.  (3) 

  (1)  If f(x) = 3ei2x – 2ie–ix + 5 and g(x) = f(x – 2), then what is ĝ(2) ? 

  (2)  Show that the Fourier transform map T : L1  l (Z) is continuous. 

  (3)  Give an example of an unbounded function f in L. 
 

2. (A) Attempt any one. (7) 

  (1)  Let {Kn} be an approximate identity and 1  p < . Then show that  

lim
n 

 ||Kn * f – f||p = 0, f  Lp. 

  (2)  If  is a non-trivial complex continuous algebra homomorphisms between 

L1 and the space of complex numbers C, then show that there exists a 

unique positive integer N such that (f) = f̂ (N), for every f  L1. 
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 (B)  Attempt any two. (4) 

  (1)  Prove that 

Ta(f * g) = Taf * g = f * Tag. 

  (2)  Does there exist two distinct elements in L1 which are idempotent but 

whose sum is not an idempotent element ? Justify your answer. 

  (3)  Does there exist f, g  L1 which are not trigonometric polynomials but for 

which f * g  0 ? Justify your answer. 

 (C)  Answer in brief  (3)  

  (1)  Show that convolution is commutative. 

  (2)  If f(x) = 3ei2x, then what is f * f * f ? 

  (3)  True or False : L1 has zero divisors with respect to convolution. 

 

3. (A) Attempt any one.  (7)  

  (1) If f  L1, then prove that 





a

b

.

.
 f(x) dx = f̂(0) (b – a) + 

n0

1

. f̂ (n) 
einb – eina

in
 

  (2) Define Fejer kernel FN(x) and show that the sequence {FN} is an 

approximate identity for convolution in L1. 

 (B) Attempt any two. (4) 

  (1)  State (only) Fejer’s theorem. 

  (2)  Suppose f, g  L1 and Fourier series of g converges a.e. essentially 

boundedly. Then show that 

1

2
 




–



.

.
 f(x) g(x) = 

nZ

1

. f̂ (n) ĝ (–n). 

  (3) If f  L1 is such that f̂ (n) = 0 for all n, then show that Nf(x) = 0 for all          

N and all x. 
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 (C)  Answer in brief. (3) 

  (1)  Show that SNf = f * DN where SNf(x) = 
n= –N

N

. f̂ (n)einx. 

  (2) For the series cn, state (only) any one condition under which cesaro 

summability implies summability. 

  (3)  True or False: If an = 




–



.

.
 Dn(x)dx and bn = 

an + 1

n
, then (bn) is a bounded 

sequence. 

 

4. (A) Attempt any one. (7) 

  (1) If an  0 and an sin nx converges uniformly then show that nan  0 as         

n  . 

  (2) If (an) is quasi-convex and bounded, then show that the sequence (nan) is 

bounded. Also show that if (an) is quasi-convex and convergent then the 

sequence (nan) is convergent. 

 (B)  Attempt any two. (4) 

  (1)  The sine series 
N=2



. 
sin nx

log n
 converges everywhere but it is not a Fourier 

series. Explain this. 

  (2) If an  0 and  |an| < , then show that the cosine series an cos nx 

converges uniformly in [–, ] – [–, ]. 

  (3)  Prove of disprove: If f(x) = 
n=1



. 
sin nx

n
, then f is continuous. 

 (C)  Answer in brief.  (3) 

  (1)  Is an = 
1

log n
 convex ? 

  (2)  True or False : The Fourier transform map T : L1  C0(Z) is onto. 

  (3)  True or False: If an  0, then an cos nx converges everywhere. 
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5. (A) Attempt any one. (7) 

  (1) State the Uniform Boundedness theorem and using it show that there exists 

a function which is continuous at 0 but whose Fourier series diverges at 0. 

  (2) If 1  p < , then show that Lp  L1 * Lp. 

 (B)  Attempt any two. (4) 

  (1)  If f is of bounded variation then show that {nf̂ (n)} is a bounded sequence. 

  (2)  If (bn) is a sequence of non-negative real numbers converging to 0, then 

show that there exists a sequence (an) of non-negative real numbers such 

that :  

   (i)   an = ,  

   (ii)   anbn <  and  

   (iii)  
an

n
 < . 

  (3)  If f  Ll then show that 
n0

1

. 
f̂ (n)einx

n
 converges uniformly. 

 (C) Answer in brief. (3) 

  (1) State (only) Dini's test for convergence of Fourier series. 

  (2) True or False: L2 * L2 = L2. 

  (3)  True or False: If f  L1 is continuous and of bounded variation everywhere 

then the Fourier series of f converges uniformly. 

 

___________ 


