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ND-101 
November-2013 

B.Sc. (Sem.-III) 
MAT-201 : Mathematics (CC-201) 

(Advance Calculus – I) 
 

Time :  3 Hours]  [Max. Marks : 70 
 

ÍÛæ̃ Û¶ÛÛ :   ¼ÛµÛÛ ›÷ ¸ÛóÊ¶ÛÛé ºõÁõÜ›÷ýÛÛ©Û ™öé.  
Instruction : All questions are compulsory. 
     

1. (a) •Û¾Ûé ©Ûé ¼Ûé •Û¨ÛÛé ƒ 
  Attempt any two : 
  (1) ÈýÛÛ”ýÛÛ¶ÛÛé Š¸ÛýÛÛé•Û ïõÁõà, Ýïõ¾Û©Û ¾ÛéÇÈÛÛé : lim

(x,y)→(1,2)
 (xy – 3x + 4) 

   Using definition Evaluate : lim
(x,y)→(1,2)

 (xy – 3x + 4) 

  (2) ÍÛÛÜ¼Û©Û ïõÁõÛé : ›Ûé φ(x) …é (a, φ(a)) = (a, b) Ý¼Ûþäù…é ÍÛ©Û©Û ÐüÛéýÛ …¶Ûé          
lim

(x,y)→(a,b)
 f(x, y) = l ∈ R ÐüÛéýÛ, ©ÛÛé lim

x → a
f(x, φ(x)) …ÜÍ©Û©ÈÛ µÛÁõÛÈÛé …¶Ûé ©Ûé l ¶Ûà 

¼ÛÁõÛ¼ÛÁõ ¬ÛÛýÛ. 
   Prove : If φ(x) is continuous function at point (a, φ(a)) = (a, b) &               

lim
(x,y)→(a,b)

 f(x, y) = l ∈ R, then lim
x → a

f(x, φ(x)) exist and equal to l. 

  (3) ›Ûé  f(x, y) = 
⎭⎪
⎬
⎪⎫

 
x3 – y3

x2 + y2   ;   x2 + y2 ≠ 0

=   0         ;   x2 + y2 = 0  
 ¾ÛÛ¤éø f(x, y) ¶ÛÛ (0, 0) Ý¼Ûþäù…é ÍÛÛ©Û©ýÛ 

˜Û˜ÛÛë.  
   Discuss the continuity of function f(x, y) at point (0, 0) if  

   f(x, y) = 
⎭⎪
⎬
⎪⎫

 
x3 – y3

x2 + y2   ;   x2 + y2 ≠ 0

=   0         ;   x2 + y2 = 0  
 

 (b) •Û¾Ûé ©Ûé …éïõ •Û¨ÛÛé ƒ 
  Attempt any one : 

  (1) Ýïõ¾Û©Û ¾ÛéÇÈÛÛé : lim
(x,y)→(0,0)

 
sin(x + y)

x + y . 

   Evaluate : lim
(x,y)→(0,0)

 
sin(x + y)

x + y . 

  (2) šýÛÛÁéõ (x, y) → (0, 0) ÐüÛéýÛ ©ýÛÛÁéõ f(x, y) = 
x2 – y2

x2 + y2 ¶ÛÛ ¸Ûä¶ÛÁõÛÈÛÜ©ÛÙ©Û ÅÛ“Û ¾ÛéÇÈÛÛé.  

   Evaluate the iterated limits of f(x, y) = 
x2 – y2

x2 + y2 as (x, y) → (0, 0). 
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2. (a) ýÛ×•ÍÛ¶Ûä× ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé.  
  State and prove Young’s theorem. 
    …¬ÛÈÛÛ/OR 

  ÍÛÛÜ¼Û©Û ïõÁõÛé : ›Ûé ÜÈÛÈÛè©Û Š¸Û•Û¨Û E ⊂ R2 ¾ÛÛ¤éø f : E → R ÈýÛÛ”ýÛÛÜýÛ©Û ÐüÛéýÛ …¶Ûé fx(x, y), 
fy(x, y) …ÜÍ©Û©ÈÛ µÛÁõÛÈÛé …¶Ûé Ý¼Ûþäù (x, y) ∈ E …Û•ÛÇ ÍÛ©Û©Û ÐüÛéýÛ ©ÛÛé ÜÈÛµÛéýÛ f …é (x, y) ∈ E 
…Û•ÛÇ ÜÈÛïõÅÛ¶ÛàýÛ ÐüÛéýÛ ™öé.  

  Prove : If for open set, E ⊂ R2, f : E → R is defined and if fx(x, y), fy(x, y) exist and 
continuous at point (x, y) ∈ E, then function f is differentiable at point (x, y) ∈ E. 

 (b) •Û¾Ûé ©Ûé ¼Ûé •Û¨ÛÛé ƒ 

  Attempt any two : 

  (1) 
f(x, y) =

 
⎭⎪
⎬
⎪⎫

 
xy2

x2 + y4   ;   x ≠ 0, y ≠ 0

=   0         ;   x = 0, y = 0  
 ÜÈÛµÛéýÛ¶Ûä× (0, 0) Ý¼Ûþäù …Û•ÛÇ 

⎝
⎜
⎛

⎠
⎟
⎞1

2
 ,

1
2

 ¶Ûà 

ÜþùÉÛÛ¾ÛÛ× Üþùïõ ÜÈÛïõÅÛ¶Û ÉÛÛéµÛÛé.  
   Find the directional derivative of function 

   
f(x, y) =

 
⎭⎪
⎬
⎪⎫

 
xy2

x2 + y4   ;   x ≠ 0, y ≠ 0

=   0         ;   x = 0, y = 0  
 at point (0, 0) in direction of 

⎝
⎜
⎛

⎠
⎟
⎞1

2
 ,

1
2

 

  (2) ›Ûé U = log(x2 + y2) ÐüÛéýÛ ©ÛÛé ÍÛÛÜ¼Û©Û ïõÁõÛé ïéõ U …é x …¶Ûé y¶Ûä× ÍÈÛÜÁõ©Û ÜÈÛµÛéýÛ ™öé. 

   If U = log(x2 + y2) then prove that U is harmonic function of x and y. 

  (3) f(x, y) = 
⎭⎪
⎬
⎪⎫

 sin–1
⎝⎜
⎛

⎠⎟
⎞x

y    ;   y ≠ 0

 =   0          ;   y = 0  
 ÜÈÛµÛéýÛ ¾ÛÛ¤éø fxx, fyy …¶Ûé fxy ÉÛÛéµÛÛé.  

   Find fxx, fyy and fxy for function f(x, y) = 
⎭⎪
⎬
⎪⎫

 sin–1
⎝⎜
⎛

⎠⎟
⎞x

y    ;   y ≠ 0

 =   0          ;   y = 0  
 

 
3. (a) ÍÛ¾Û¸ÛÁõà¾ÛÛ¨ÛàýÛ ÜÈÛµÛéýÛ ¾ÛÛ¤éø¶Ûä× …ÛéˆÅÛÁõ¶Ûä× ¸Ûó¾ÛéýÛ ÅÛ”ÛÛé …¶Ûé ÍÛÛÜ¼Û©Û ïõÁõÛé.  
  State and prove Euler’s theorem on homogeneous function. 
    …¬ÛÈÛÛ/OR 

  ÍÛÛÜ¼Û©Û ïõÁõÛé ƒ ›Ûé f …é ÜÈÛÈÛè©Û¸ÛóþéùÉÛ E ⊂ R2 ¸ÛÁõ ÈýÛÛ”ýÛÛÜýÛ©Û ÈÛÛÍ©ÛÜÈÛïõ ÜÈÛµÛéýÛ ÐüÛéýÛ …¶Ûé       
(a, b) ∈ E Ý¼Ûþäù…é ÜÈÛïõÅÛ¶ÛàýÛ ›÷é¶Ûé (a, b) Ý¼Ûþäù…é Í¬ÛÛ¶Û¶ÛàýÛ ÜÍ¬ÛÁõ ¾ÛæÅýÛ ÐüÛéýÛ ©ÛÛé fx(a, b) = 0, 
fy(a, b) = 0 ¬ÛÛýÛ. 

  Prove : If a real valued function f, defined on an open domain E ⊂ R2, and is 
differentiable at point (a, b) ∈ E, has an extreme value at (a, b) then fx(a, b) = 0, 
fy(a, b) = 0 
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 (b) •Û¾Ûé ©Ûé ¼Ûé •Û¨ÛÛé ƒ 
  Attempt any two : 

  (1) f(x, y) = x2 tan–1 ⎝⎜
⎛

⎠⎟
⎞y

x  – y2 tan–1
⎝⎜
⎛

⎠⎟
⎞x

y  ÜÈÛµÛéýÛ ¾ÛÛ¤éø …ÛéˆÅÛÁõ ¸Ûó¾ÛéýÛ¶Ûä× ÍÛ¾Û¬ÛÙ¶Û ïõÁõÛé.  

   Verify Euler’s theorem for the function f(x, y) = x2 tan–1 ⎝⎜
⎛

⎠⎟
⎞y

x  – y2 tan–1
⎝⎜
⎛

⎠⎟
⎞x

y . 

  (2) ›Ûé U = U ⎝⎜
⎛

⎠⎟
⎞y – x

xy , 
z – x
 xz  ÐüÛéýÛ ©ÛÛé ¼Û©ÛÛÈÛÛé ïéõ x2∂U

∂x  + y2∂U
∂y + z3∂U

∂z  = 0 ¬ÛÛýÛ. 

   If U = U ⎝⎜
⎛

⎠⎟
⎞y – x

xy , 
z – x
 xz  then show that x2∂U

∂x  + y2∂U
∂y + z3∂U

∂z  = 0. 

  (3) ÜÈÛµÛéýÛ f(x, y) = 2(x – y)2 – x4 – y4 ¾ÛÛ¤éø Í¬ÛÛ¶Û¶ÛàýÛ ÜÍ¬ÛÁõ¾ÛæÅýÛÛé ÉÛÛéµÛÛé.  
   Find the extreme values of the function f(x, y) = 2(x – y)2 – x4 – y4. 

 
4. (a) ÈÛ’õ x = f(t), y = g(t) ¾ÛÛ¤éø ÈÛ’õ©ÛÛ ÜªÛšýÛÛ ÉÛÛéµÛÛé …¶Ûé ÈÛ©ÛäÙÇ x = r cos θ, y = r sin θ¶Ûà ÈÛ’õ©ÛÛ 

ÜªÛšýÛÛ ÉÛÛéµÛÛé.  
  Find the radius of curvature of a curve x = f(t), y = g(t). Also find the radius of 

curvature of a circle x = r cos θ, y = r sin θ. 
…¬ÛÈÛÛ/OR 

  ÈÛ’õ f(x, y) = 0 ¸ÛÁõ¶ÛÛ ÜþùïÕõÝ¼Ûþäù¶ÛÛ …ÜÍ©Û©ÈÛ ¾ÛÛ¤éø¶Ûà …ÛÈÛÉýÛïõ ÉÛÁõ©Û ÉÛÛéµÛÛé.  
  Derive a necessary condition for the existence of a double point on the curve f(x, y) = 0. 

 (b) •Û¾Ûé ©Ûé ¼Ûé •Û¨ÛÛé ƒ 
  Attempt any two : 
  (1) f(x, y) = eax cos by ¶ÛÛ x …¶Ûé y¶Ûà –ÛÛ©Û¾ÛÛ× ÜÈÛÍ©ÛÁõ¨Û¶ÛÛ ¸Ûó¬Û¾Û ªÛ¨Û ¸ÛþùÛé ÉÛÛéµÛÛé.  
   Find first three terms in the expansion of f(x, y) = eax cos by in powers of           

x and y. 
  (2) ÈÛ’õ x3 + 3x2 – y2 + 3x – 2y = 0 ¸ÛÁõ¶ÛÛ ÜþùïÕõÝ¼Ûþäù ÉÛÛéµÛÛé …¶Ûé ©Ûé¶ÛÛ ¸ÛóïõÛÁõ ÍÛ¾Û›ÛÈÛÛé.  
   Find the double point on the curve x3 + 3x2 – y2 + 3x – 2y = 0 and explain its 

type. 
  (3) µÛóäÜÈÛýÛ ÈÛ’õ r = a(1 + cos θ) ¶Ûà ÈÛ’õ©ÛÛ ÜªÛšýÛÛ ÉÛÛéµÛÛé.  
   Find the radius of curvature of polar curve r = a(1 + cos θ) 

 
5. (a) ¤æ×øïõ¾ÛÛ× ›÷ÈÛÛ¼Û …Û¸ÛÛé ƒ (þùÁéõïõ¶ÛÛ ¼Ûé •Ûä¨Û) 
  Answer in short (each of two marks) : 

  (1) f(x, y) = 
⎭⎪
⎬
⎪⎫

 
x3 – y3

x – y    ,   x – y ≠ 0

=   0         ,   x – y = 0  
 ©ÛÛé xfx + yfy ÉÛÛéµÛÛé.  

   f(x, y) = 
⎭⎪
⎬
⎪⎫

 
x3 – y3

x – y    ,   x – y ≠ 0

=   0         ,   x – y = 0  
 then find xfx + yfy. 
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  (2) ›Ûé U = e
xy
z  ©ÛÛé 

∂2U
∂x ∂y ÉÛÛéµÛÛé.  

   If U = e
xy
z  then find 

∂2U
∂x ∂y. 

  (3) xy ¶Ûä× Í¬ÛÛ¶Û¶ÛàýÛ ÜÍ¬ÛÁõ ¾ÛæÅýÛ x + y = 1 ÉÛÁõ©Û ¶Ûà˜Ûé ÉÛÛéµÛÛé.  
   Find the extreme value of xy under condition x + y = 1 

 (b) ¤æ×øïõ¾ÛÛ× ›÷ÈÛÛ¼Û …Û¸ÛÛé ƒ 
  Answer in short (each of one mark) : 
  (1) ›Ûé¦øÛ¨Û•Û¨Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé.  
   Define Connected Set. 

  (2) ÜÈÛµÛéýÛ f(x, y) ¾ÛÛ¤éø (a, b) Ý¼Ûþäù …Û•ÛÇ ¸Ûä¶ÛÁõÛÈÛÜ©ÛÙ©Û ÅÛ“Û¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé.  
   Define Iterated limit for function f(x, y) at point (a, b) 

  (3) f(x, y) =
⎭⎪
⎬
⎪⎫

 xy + 3  ,  (x, y) ≠ (1, 2)
=    0    ,  (x, y) = (1, 2)   ¾ÛÛ¤éø (1, 2) Ý¼Ûþäù…é ÍÛÛ©Û©ýÛ ˜Û˜ÛÛë.  

   Discuss the continuity of f(x, y) =
⎭⎪
⎬
⎪⎫

 xy + 3  ,  (x, y) ≠ (1, 2)
=    0    ,  (x, y) = (1, 2)    at point (1, 2) 

  (4) ÈÛ’õ ax + by + c = 0 ¾ÛÛ¤éø ÈÛ’õ©ÛÛ ÉÛä× ¬ÛÛýÛ ? 
   What is the curvature of curve ax + by + c = 0 ? 

  (5) ÜþùïÕõ ÜÈÛïõÅÛ¶Û Du f(x) ÉÛÛéµÛÈÛÛ¶Ûä× ÍÛæªÛ ÅÛ”ÛÛé.  
   Write the formula to find directional derivative Du f(x). 

  (6) ÍÛ¾Û¸ÛÜÁõ¾ÛÛ¨ÛàýÛ ÜÈÛµÛéýÛ¶Ûà ÈýÛÛ”ýÛÛ …Û¸ÛÛé.  
   Define Homogeneous Function. 

  (7) ›Ûé …Û¸ÛéÅÛ ÜþùïÕõ Ý¼Ûþäù Ü¶ÛÜÊ˜Û©Û ÐüÛéýÛ ©ÛÛé r, s …¶Ûé t ÈÛ˜˜Ûé ÉÛä× ÍÛ×¼Û×µÛ ÐüÛéýÛ ? 
   If the double point is CUSP, then what is relation among r, s & t ? 

  (8) ÜÈÛµÛéýÛ f(x, y) ¶Ûà ¾ÛéîÅÛÛéÁõà¶Û ËÛé§øà ÅÛ”ÛÛé.  
   Write MaClaurin series of function f(x, y). 

____________ 
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